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ABSTRACT

A theory of space curved beams with arbitrary cross—sections and an associated finite
element formulation is presented. Within the present beam theory the reference point,
the centroid, the center of shear and the loading point are arbitrary points of the cross—
section. The beam strains are based on a kinematic assumption where torsion-warping
deformation is included. Each node of the derived finite element possesses seven de-
grees of freedom. The update of the rotational parameters at the finite element nodes is
achieved in an additive way. Applying the isoparametric concept the kinematic quantities
are approximated using Lagrangian interpolation functions. Since the reference curve lies
arbitrarily with respect to the centroid the developed element can be used to discretize
eccentric stiffener of shells. Due to the implemented constitutive equations for elastoplas-
tic material behaviour the element can be used to evaluate the load carrying capacity of
beam structures.

1 INTRODUCTION

Three—dimensional beam—like structures undergoing finite deformations occur in different
areas of engineering practice. Here motions of flexible beams like helicopter blades, rotor
blades, robot arms or beams in space-structure technology are mentioned. Furthermore,
the analysis of load carrying capacities requires the implementation of constitutive equa-
tions for inelastic material behaviour. Numerous papers have been published up to now
using different approaches. Some of them are discussed in the following.

Due to the non—commutativity of successive finite rotations about fixed axes, Argyris
et al.[l] introduced the so—called semi-tangential rotations to circumvent this difficulty.
Bathe and Bolourchi [2] developed an updated and a total Lagrangian formulation for
beams with large displacements. Thin structures undergoing finite deformations are
usually characterized by significant rigid body motions. This motivates the so—called
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co—rotational formulation where the rigid body motions are separated from the total de-
formation (e.g. see Belytschko and Hsieh [3], Crisfield [4] or Nour-Omid [5]). Applying
this procedure existing linear elements can be used for nonlinear computations.

Several authors developed finite element formulations for three-dimensional beams using
beam strains derived from the internal virtual work, see Reissner [6]. Here we mention
the papers of Simo and Vu-Quoc [7, 8] and Cardona and Géradin [9]. The authors in [7]
show that the linearization of the virtual work principle yields a non—symmetric geometric
tangent stiffness matrix when applying a multiplicative update of the rotation tensor. The
tangent matrix is only symmetric at a point of equilibrium assuming conservative loads.
Ibrahimbegovi¢ [10] derived symmetric tangent matrices when using an additive update
of the axial vector.

Most of the finite element formulations are concerned with beams where centroid and
center of shear coincide. The problem of coupled bending torsion deformation of beams
has been studied theoretically e.g. by Reissner [L1, 12]. In Ref. [8] torsion-warping
deformation has been incorporated within the theory and the associated finite element
formulation.

In this paper we derive a three-dimensional finite beam—element with arbitrary space
curved reference axis. The novel aspects and essential features of the formulation are
summarized as follows:

(i) The introduced beam strains based on a kinematic assumption including torsion—
warping deformation are conform with the strains in Ref. [3]. Here, we additionally
derive the relation to the Green—Lagrangian strains and the associated variations.
In our formulation the matrix which relates the variation of the Green—Lagrangian
strains to the variational beam strains depends on the deformation. Thus the com-
plete nonlinearity within the underlying kinematic assumption is considered in the
present theory. Due to this fact the numerical results show a good agreement with
the results of higher valued models like shell discretizations for thin—walled struc-
tures.

(ii) The constitutive equations for elastoplastic material behaviour are implemented.
Within the present beam theory the normal stress and the shear stresses enter
into the von Mises yield condition and the associated flow rule. Thus interaction
between the different stress components is included. The nonlinear stress—strain
relations requires a numerical integration over the cross—sections. The developed
element can be used to analyze the carrying capacity of beam structures.

(iii) For linear elasticity and small strains the material matrix can be integrated ana-
lytically. For this purpose one has to apply the equations of Saint—Venant torsion
theory along with Green’s formula to integrate the so—called warping coordinates.
This yields a material matrix in terms of section quantities which describes the cou-
pling effects. In contrast to Ref. [3] the reference point is an arbitrary point of the
cross—section.

(iv) The finite element formulation is presented using Lagrangian interpolation functions.
Each node possesses seven degrees of freedom at the nodes. The update of the
nodal rotation quantities is performed in an additive way. Within this procedure
additional storage of the rotation matrix with nine parameters can be avoided. The



linearization yields a symmetric tangent matrix. However, due to the chosen finite
element approximation the expressions are essentially simpler compared with Ref.
[10]. The external loading can be applied at an arbitrary point of the cross—section.
The contribution of the loads to the stiffness matrix is derived. Loading with stress
couple resultants leads to a symmetric load stiffness matrix. This is in contrast to
the multiplicative procedure, see Ref. [7].
The contents of the paper is outlined as follows:
In the next section we present the kinematics of a space curved beam. The beam strains
are defined and the relation to the Green-Lagrangian strains is shown. In section 3 the
underlying variational formulation of the boundary value problem is given using a La-
grangian representation. The associated Euler-Lagrange equations are derived. Further-
more the linearized variational formulation is described. In section 4 the basic equations
for elastoplastic material behaviour are given. For linear elasticity and small strains the
material matrix which describes the torsion bending coupling is derived in terms of section
quantities. The associated finite element formulation is given in section 5. The applica-
bility of the developed formulation is demonstrated in section 6 with several examples.
Comparisons with results obtained with shell discretizations are given.

2 KINEMATIC DESCRIPTION OF THE BEAM

A beam with reference configuration denoted by B, according to Fig. 1 is considered.
Assuming arbitrary cross—sections the centroid S and the center of shear M are inde-
pendent of the reference point O. An orthogonal basis system A; with local coordinates
{&1,&9,&3} is introduced. The axis of the beam is initially along A; with the arc—length
parameter S = & € [0, L] of the spatial curve. The cross—sections of the beam therefore
lie in planes described by the basis vectors {As, Az}. Accordingly the frame a; is defined
in the current configuration which is characterized by the time parameter t. Note, that
within the underlying beam kinematic the vector a; is not tangent vector of the deformed
reference curve.

The basis vectors A; and a; follow from the orthogonal transformations

A(S)=Ro(S)er,  ai(S,t)=R(S,t)e; with Rg,ReSOB). (1)

Several parametrizations of orthogonal tensor using Eulerian angles, Cardan angles, quater-
nions etc. have been discussed in the literature, see e.g. Géradin and Rixen [13], Betsch
et al. [14].

The position vectors of the undeformed and deformed cross—sections are given with the
following kinematic assumption

X(£2,63,9) = Xo(S) + &A2(5) + EA3(S)

X(60, 6. 5i1) = x0(S,8) + Ex2(S.t) + Esaa(S,8) + S, ) B(En &) an(t) O

where a; is assumed to be piecewise constant. The given warping function w(&s,&3) is
defined within the Saint—Venant torsion theory for bars. This is a basic assumption which
restricts the present formulation to a certain class of problems. Our numerical investi-
gations however showed good agreement of the results for thin—walled beam structures
obtained with the present beam model compared with a higher valued shell model.
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Figure 1: Initial and current configuration of the beam

For linear elasticity and pure torsion the boundary value problem is given with the fol-
lowing Neumann problem, see e.g. Timoshenko and Goodier [15]

W,20 +w,33 =0 in A 3)

Wong +wzng =E&ny —&ng on O
where the outward normal vector n = [ng,n3]” is defined on the boundary C. Here, the
notation (-),5 is used to denote partial derivatives with respect to the coordinates 5. The
solution of (3) along with the normality conditions

/wdA:O, /wgszzo, /uvggdA:o (4)
A A A

define the center of shear M with coordinates {ms,m3}. The warping function w refers
to M and reads

W = 0 + mals — maby (5)
where the coordinates & = & — s, and & = & — s3 intersect at the centroid S.
Based on the kinematic assumption (2) the tangent vectors G; = X,; and g; = x,; are
derived

G = X[+ §6A+ AL g1 = Xu+&ajy+§a+ o way
Gy = Ay g2 = axt+aw, a (6)
Gs = Ag g3 = az3t+aw, a

where (-)" denotes the customary symbol for differentiation with respect to the arc-length.
The derivative of the orthogonal basis systems can be expressed using the vector products
Al =60, x A; and a; = 0 x a;, where 8, and 0 denote the so—called axial vectors. Pull-
back of the covariant basis vectors with the rotation tensors Rg = A; ®e; and R = a; ® e;
yields

F, = RIG, =¢)+roxd fi = RTg, =e+kxd+dwe
F, = R0TG2 =€ f, = Rigo=es+awpe (7)
]:—i‘3 = RgGg =e3 f3 = Rng =e3+ aw,3e;



with d = &ey + £3e3. The strain vectors of the current configuration are defined with

/
e:=R'x)=| x{a, k=R'0=|a, a |. (8)
/
Xpo - a3 all - as

The corresponding quantities of the reference configuration read €y = R{ X, and ko =
R76,.

Egs. (6) are inserted into the Green-Lagrangian strain tensor E = E;;G' @ G/, where
the dual basis vectors G’ are defined in a standard way G; - G/ = §7. The components
which contribute to the virtual work read

En %(911 - Gn)
E = 2E12 = g2 — G12 (9)
2E3 g13 — Gu3

with the metric coefficients
Gi]’ - C‘rZ N Gj - GZ . RoRgGJ - ]’_T‘Z . Fj

(10)
9i; = gi-g =g RR'g;=f f

of the reference configuration and current configuration, respectively.

3  VARIATIONAL FORMULATION OF THE BOUNDARY VALUE
PROBLEM

In this section the virtual work of the stresses and the external forces are derived consid-
ering the beam kinematic. For this purpose stress resultants are defined. The associated
Euler—Lagrange equations and the linearization of the virtual work expressions are given.

3.1 Internal Virtual Work and Definition of Stress Resultants

Volume forces pob and applied surface loads t are acting on the considered body. Hence
the equilibrium is given here in weak form

g(v,év):/S-(SEdV—/poB-(SudV— /f-5udQ:O. (11)
Bo By 0By

The independent kinematic quantities of the beam are v = [u, R, a]?, where u = xo — X
and R = a; ® e; denote the displacement vector and the rotation tensor of the reference
curve according to (2), respectively. The space of kinematically admissible variations is
introduced by

V= {0v =[bu,0w,0a]” : [0,L] — R*| év=0 on S,} (12)

where S, describes the boundaries with prescribed displacements and rotations. Here,
the axial vector w is defined by da, = SRRT a; = dw x a,.

The Green—Lagrangian strain tensor is work conjugate to the Second Piola—Kirchhoff
stress tensor S = S G;®G;. Within the present beam theory the components 5?2, %3, 52



are neglected. Using matrix notation the vector of non-vanishing stress components is

defined

S = [s1,512,59]" . (13)
The variation of the work conjugate Green—Lagrangian strains (9) yields with (7) — (10)
6E11 f1 . 5f1
0E = 2(5E12 = fg . 5f1 -+ f1 : 5f2 (14)
20F3 fy - of) + 1 - 0f3
where
ofi = de+ 0k xd+ oo wey
5f2 = 505@7261 (15)
6f3 = da ’(I),3 e .
Introducing X
F = [fla f27 f3]
0 —& &
W, = skewd=| & 0 0 (16)
& 00
a = (fi-e)(wye;+wszes)
one obtains
JE = AJE
oe
A . . ) 17
A = [FT, FTWT, a, @FTe)] 5B = 5""’ . 17)
o)
da’

The variation of the beam strains (8) yields

de = RTox)+ dRTx) = RT (0x) — dw X x)

(18)
ok = R'60+0RT6 =R7ow'.
Eq. (18); is evident, whereas a proof of (18)y is given e.g. in [17]. Furthermore a
representation of the components yields
a; - ou’ + x( - day ag - dal, + a), - dag
de = | az-ou’ +xj - day ok = | a;-dal+aj-da; | . (19)
az - ou’ + x(, - dag a, - da) +a - day
Using (17) the internal virtual work in (11) can be rewritten with dV = dAdS as
Gons(V, 6V) = / JETSAV = / JETS dS
Bo o (20)

_ /(F-58+M-6n+F’”5a+M“’5a’)dS
S



with the vector of stress resultants

F T

[ re . | M _/ L

s_/A SdAd=| | =/ | Ju | d4 (21)
A Mw A v

where T = [T", T'2 7137 = F'S and L = W, T. Finally a component representation of
the vector of stress resultants yields

[l - Al 1
F2 T12
F3 T13
.| M T13¢, — T'2%,
S = M2 :/ THE, d4 (22)
A
M? —ThE
£ T2, +T0
MY TG

with 7' = (f; - 1)S' and o = 2,3. Herein, F! is the normal force, F2 and F* the shear
forces, M! the torsion moment, M? and M? the bending moments, I’ the bi-shear and
M™ the bi-moment, respectively.

3.2 External Virtual Work and Euler—Lagrange Equations

In this paper the volume forces pob and the surface loads t according to (11) are considered
with the load p = p(9S) acting at the coordinates {ps, p3}, see Fig.1. The vector of the
loading point in the current configuration reads x, = x¢+r, with r, = pras+psaz+a w, a;

and wp = w(p27p3)'
Hence the external virtual work reads

Gext(V,0V) = —/13 - 0x,dS
S
p - (0xg + padag + p3das + awyda; + dawya; ) dS (23)

S
_ _/(p.5x0+m.5w+ﬁlaa)ds
S

withm =r, x p and p; = w, (p-a;) .

The weak form of equilibrium (11) is now reformulated using the expressions (20), (18)
and (23). This yields

g(v,0v) =
/[f-(éxé—dw><X’0)—|—m-(5vv'+Fw(5a+Mw5a'—(p-5x0+rﬁ-5w+}315a)]dS:O

S
(24)



with f := RF and m := RM. Next, integration by parts yields with homogeneous stress
boundary conditions

g(v,(SV):—/[(f’+f))-(5xo+(m’—|—x{)><f—i—ﬁl)-(5W—|—(Mw’—Fw—|—]51)5a]dS:O.

5
(25)
Applying standard arguments from variational calculus we obtain
f'+p =0
m+x,xf+m = 0 (26)

MY —F*+p, = 0.

These are the Euler-Lagrange equations of the variational formulation. The first two
equations in (26) are well-known equilibrium equations of a three-dimensional beam using
a vector notation. The third equation is identical to that of the linear theory. Reissner
[12] derived (26)3 in the context of a second—order geometrical nonlinear theory.

3.3 Linearization of the Virtual Work Fxpressions

For the subsequent finite element formulation we need to derive the linearization of the
weak form of equilibrium (11). This is formally achieved using the directional derivative

Lg(v,0v)] =g+ Dg-Av, Dg-Av = (i G(v+eAV)]__, (27)

where Av = [Au, Aw,Aa]?. The linearization of the internal virtual work yields a
material part and a geometrical part

Dgint(v, 6V) - Av = / (FETDAE + ASET §)dS. (28)
S

Here the linearized beam strains AE = [Ae, Ak, Aa, Ao/]T are obtained from (19) re-
placing the operator 0 by A. Furthermore the linearized virtual strains are expressed by
ASE = [Ade, Adk, 0,0]" with

ou’ - Aay + da; - Au’ +x3 - Aday
Ade = ou' - Aay + day - Au’ + x7 - Aday
ou’ - Aag + da; - Au’ +x{ - Adag

i (29)
da, - Aag + dag - Aaj + az - Ada; + aj) - Adag
Adk = | daj-Aa; + da; - Aaj + a; - Adaj + afy - Aday

| da) - Aay + dap - Aa) 4 ay - Ada) + a) - Aday

Next the linearization of the stress resultants (21) applying the product rule leads to

p- 45 _ dA[/ ATSdA] = [ (ATCrA +G)dA. (30)
iE dB J

The first part follows from differentiation of the stress vector S and the incremental
Green—Lagrangian strains dE = A dE. The tangential matrix Cr := dS/dE is specified



for elastic—plastic material behaviour in the next section. The second part follows from
differentiation of the matrix product A”S where the stress vector S is held fixed. With

T SUE + S12f, + S13f,
L W, (SHE + S12f, + S13Fy) 31)
v N g(fl . el)
LY SUG(fy - e1) + Saw
where S = 52w, +5w,5 and f; according to (7) one obtains
a1 or o IT S11 SUWT  Se; SMwe,
oL oL oL 0L &3 _
Go| o8 ok on g | _ | STWe 2STWESd STed |
PN W o N
(LT ()T ok oL Stgel  SUpd?  Sw  SMw?

where d = Wye, = &3e, — &yes. The integration over the cross-section in (21) and (30) is
performed numerically. The warping function w is determined for arbitrary cross—sections
in a separate computing process using the finite element method as is discussed in [16].
The finite element mesh for the computation of w is used here to perform the numerical
Gauss integration. In case of small strains F ~ 1 holds, A becomes independent of the
displacement field and G vanishes.

Finally we derive the linearization of the external virtual work as

Dgept(v,0v) - Av = —/f) - Adx,dS (33)
S

with A&Xp = p2A5a2 + p3A5a3 + CY'LTJpAdal + 5apra1 + Aawpéal.

4 MATERIAL LAW AND STRESS RESULTANTS

In this section we present the constitutive equations for elastoplastic material behaviour.
We consider metallic materials which can be described by the von Mises yield criterion
with isotropic hardening and associated flow rule. For elasticity the section integrals are
reformulated using the equations of Saint—Venant’s torsion theory and Green’s theorem.
This yields an elasticity matrix where for the general case torsion bending coupling occurs.

4.1  FElastic—Plastic Stress Analysis
The Green—Lagrangian strains (9) are decomposed in an elastic and plastic part
E =E“ + E (34)

which holds for small elastic and plastic strains. The elastic part is described by the
so—called St.Venant-Kirchhoff material law. Thus, a quadratic strain energy function is
postulated where the stresses are obtained by partial derivatives

= CE“. (35)

1
WS(Eel) — §EelTCEel ’ S —



Since the stresses 5?2, 5% and S* are neglected the constitutive matrix reads

E 0 0
c=|0 G 0 (36)
00 G

Here, E and G denote Young’s modulus and shear modulus, respectively.
The plastic flow of metals can be described using the von Mises yield condition with
isotropic hardening

F(S,¢") = h(S) — yo + (") (37)
where
1 00
h(S) = VSTPS, P=]|0 30 (38)
0 0 3
Assuming strain hardening the yield stress y is given here with the equivalent plastic
strain e using a linear hardening function r(e”') = —K e?', thus
y=1yo+ Ke'. (39)

The initial yield stress gy and the hardening parameter K are material constants.
The rates of the plastic strains and of the equivalent plastic strain are described using an

associated flow rule
. OF - OF

gt 398 ot _ 308 s
AoS S= A (40)
where the gradient of the yield condition can be expressed as
or 1 oF
- =-PS:=N —=1. 4l
oS h or (41)
In (40) the loading—unloading conditions
A>0, F<o0, ANF=0 (42)

must hold.
Hence, a backward Euler integration algorithm within a time step t,,,1 = t,, + At leads to

EY, = EZ 49N,

(43)
e = ety
where y = [{"** \dt. Inserting (35), and (43); into (34) at time #, . yields
Sut1(7) = C(y) E” E":=E,. - EJf (44)
with .
BTy 0 0
_ _ v B
Chy=(C'+-P)'=| 0 155, O (45)
y G
0 0 1+3G~/y

To express S, 41 as an explicit function of v we replaced h(S) by y(y) in (45) using
F(S,e”) = 0. The consistency parameter v is obtained with the solution of the yield



condition F(S,1,€",,) = 0. This is achieved iteratively within a Newton iteration pro-

cedure "
w_ I

(i+1) _ a7
dy
FO = h[Sy1(v)] -y [ell i (vV)] (46)
dr® h d - d
- N'a-T Y yNTeN + Y
dy y y dep! der!
where [ denotes the iteration number and dy/de? = K. As starting value we take

7© = 0. The equivalent plastic strain follows from (43),. Note, that during the iteration
y # h holds. The elastoplastic stresses at each integration point are evaluated using a
well-known operator split method. The predictor step yields the so—called trial stresses
Si" = CE". If above yield condition is not fulfilled the stresses are given with the
corrector step according to (44), thus

CE™ if  F(St er) <0
S =1 | l (47)
CE™ if  F(S™, et >0.
The consistency parameter 7 depends on the strains E via eq. (46)s. This has to be
considered when linearizing the stress vector (47). One obtains

if  F(Sf ePl) <0

=) .. CNN’C . (48)
— _ 4 r pl
T lf F(S 5 en ) > 0

ds
dE

n+1
with = K/(1 —vK/y).

4.2 FElastic Stress Analysis

In case of small strains the transformation matrix F according to (16) is approximately
the identity matrix, thus F ~ 1. In this case A is given with (17)

100 0¢& ~& 0w
A=|0 10 =& 0 0 ws 0 (49)
001 & 0 0 ws 0

One can see that A does not depend on the deformation and E = AE holds. For
elasticity the stress vector is obtained from S = CAE. Now the matrix of the linearized
stress resultants (30) can be reformulated using (48), (36), (49) and G =0

E 0 0 0 B¢ —E& 0 Ew
G 0 —G& 0 0 G 0
G Gé, 0 0 G, 0
5 G +¢&) o 0 G (&w,3 —E3w,2) 0
b/ BE& —E&e 0 Eag, |44 OV)
4 E€2 0 —Ewé,
sym G(w,j3+w.3) 0
i Ew?




The centroid of the cross—section with coordinates {sq, s3} is denoted by S, see Fig. 1.
Furthermore we denote the area of the cross—section by A, the moments of inertia relative
to the centroid by Iy, I35, Io3, the Saint—Venant torsion modulus by I and the warping
constant by I;. The following definitions are given with o, § = 2,3

Sa - fadA = Asa
_ f/ o )
I = [&sda Lp = [ € dA = Ly + Asasy
A A
Iy == Ixn+ I3 (51)
Iy = /[52(1@3 +&) — &(w,0 —&3)|dA = 1o + /(5210,3 —&,) dA
4 A
Iy = [w*dA
/

Using the equations of Saint—Venants torsion theory (3) and application of Green’s theo-
rem yields after some algebra the missing quantities, see appendix A.1

/U_),Q dA = ASg /'U_},g dA = —A82
A A
/(w,g +w,3)dA = Iy— Iy
A
/11752 dA = Ipmsz — Ismy = Iy /’U_JfB dA = —Is3my + Iogmsg := I3
A A
/U_}2 dA = Iﬁ] + jggm% -+ fggmg - 2j23m2m3 = I@ .
A

(52)
A numerical computation of w(&s,&3) which fulfills [, w dA = 0 and above section quan-
tities for arbitrary cross—sections using the finite element method is discussed in e.g. [16].
In fact (52), and (52)5 are two equations which can be solved for the coordinates my and
mg if Iz and Ig3 are known, see Ref. [16].

Now, (50) can be expressed inserting the section quantities (51) and (52) as follows
[ EA 0 0 0 EASg —EASQ 0 0 i
GA 0 —-GAsy; 0 0 GAss 0
GA GASQ 0 0 —GA52 0
. G, 0 0 —Go—1Ir) 0
D= Elss —FElys 0 Elgs (53)
El, 0 —Elg
sym G(Ip — Ir) 0
L El;

The elasticity matrix (53) is constant and symmetric. Hence, considering (30) the vector

of stress resultants follows from

A

S—DE

E =

E—&
K — Ky

«

Oé/

(54)



As can be seen torsion—bending coupling occurs if the reference point O and the shear
center M with coordinates {msy, m3} do not coincide. If the coordinates {&, &3} define
principal axes of the cross—section and if S = M = O all off-diagonal terms except
—G(ly — Ir) are zero. Furthermore, if the contribution of the bi-moment and of the
bi-shear to the strain energy is neglectable a formulation with six stress resultants can
be derived, see [17]. In this case one obtains the well-known elasticity matrix D =
dlag [EA, GA, GA, G]T, E133, E]QQ] .

5 FINITE ELEMENT FORMULATION

According to the isoparametric concept, the following kinematic variables are interpo-
lated using standard Lagrangian shape functions N;(£) where £ € [—1,+1]. Within a
typical element the position vector of the reference curve S, the curve S" of the current
configuration and the parameter « are interpolated by

nel nel nel

Xp = Z Ni(©Xr,  x5= ZNI(S)(XI +up), o= Z: Ni(§)ay - (55)

Here nel denotes the number of nodes at the element. For nel > 3 the reference curve of
a space—curved beam is approximated by polynomial functions.

Furthermore the basis systems of the reference configuration and the current configuration
are approximated using the same interpolation functions

nel nel

Al =D Ni(€) A, aj, = > Ni(€)ans. (56)
= =

Thus the orthogonality condition of the basis systems A’ and a is only fulfilled at the
nodes. Numerical investigations however show that no significant loss of accuracy follows
from this approximation. The initial basis system A,,; is generated within the input of
the finite element mesh whereas the current basis system at the finite element nodes is
computed using the so—called Rodrigues formula

sinwy 1 —coswy

Q; + 5

R;=a,;®e, =1+ 0? (57)

with w; = |wy;|. Note, that formula (57) is singularity free for 0 < w; < 27. The
singularity at n2r (n = 1,2,3,...) can be overcome by a multiplicative update of the
rotation tensor after a certain number of load steps. The skew—symmetric tensor €2;
follows from the independent rotational parameters by £2; = skew w;. The basic equation
reads Q;h = w; x h for all h € R?, thus the components are given by

w1y 0  —wsr  wor
wr = | war Q; = wsr 0 —wir (58)

wsr —wor  wir 0

The finite element approximations of the virtual displacements, basis vectors and the
associated linearization are expressed as follows

nel nel
5uh = IleI(g)éu[, 50éh = Ile[(f)(SOq,

nel nel

dall, = 2 Ni(&)dans Adal = X Ni(§)Ada;

(59)



The derivative of the shape function N;(§) with respect to the arc-length S is obtained
using the chain rule Nj(&) = Ni(€),e /|XPE,¢|. Hence, the tangential vectors X}, and x,
the derivatives of the basis vectors A/ and a/, and associated variations and linearizations
are given replacing Ny by Nj in (55), (56) and (59).

The variation of the orthogonal basis system a,,; yields for all h € R?

(5am1 = 5W[ X dmr = WgnIdW], (60)
h- (5am1 = bm[(h> . 5W[, bm[(h) = ;7 X h
and z z
I=1 =1
Thus, the virtual beam strains 6E considering (19) can be expressed as follows
N/RT N; BZ, 0
. nel 0 N/ BT + NI B/T 0
SE"=Y"B;0 B, = [l ol 62
121 10V, I 0 0 N, ( )
0 0 Nj
with the virtual nodal displacement vector dv; = [fuz, dwy, daz]T and
R = [31, A, 33] B = [bu(XE)), bzf(Xf)), b31(X6)] (63)
B, = [ba(as), bar(ai), bir(as)] B, = [bar(ay), bir(ay), bar(aj)].

Next the finite element interpolation (55) — (63) is inserted into the linearized boundary
value problem (27)

numel nel nel

Llg(v", ovh)] = A1 S5 ovT (ff + K Avg) . (64)

= I=1K=1

Here, A denotes the standard assembly operator, numel the total number of elements
to discretize the problem and Avy = [Aug, Awg, Aak|? the incremental displacement
vector. Furthermore fj and K¢, denote the sum of the internal and external nodal forces
of node I and the tangential stiffness matrix of element e related to nodes I and K,
respectively. Considering (62) one obtains

fe = / (BTS — N;@)dS, K&y = / (BIDBg + G + Pr)dS  (65)
5 5
with
q = [p, my, pi)"
m;=r; Xp I = poag + p3agr + aWpayg (66)
Pir = wWpP-ayr.

o)

For linear elasticity the vector of stress resultants follows from the constitutive equation
(54). For elastoplastic material behaviour S and D are obtained by numerical integration
according to (22) and (30), respectively.



Next the geometric matrix G is derived with the linearized virtual strains (29). For
this purpose the second variation of the current basis system is derived as

h- A(Sam[ = 5W[ : M(am], h)AW[

1 1 (67)
M(a,,;,h) = §(am1 ®@h+h®an,r)+ §(tm1 Q@ wr+wr @ ty,r) +ciol
where t,,; and ¢y are specified in appendix A.3. This yields
nel
hAéam = Z N[ (5W['M<am[,h) AW]
=1 (68)

nel
h- A(Sa;n = 121 N} 5W[ . M(am], h) AW[

for all h € R*. As can be seen, the linearization of the basis system leads to a symmetric
bi-linear form. One obtains

0 N{NgWT, 0
Gk = | NMiNg Wyr G 0 (69)
0 0 0

G}U;(U = N}NKVAV}K + N]N;{VAV%K + 51[( [M(au, hH) + M(aﬂ, h2[) + M(agj, h3[)]
h;; = N;F'x)+ N;M?*a, + N; M3a,
hy; = N;F?x)+ Ny M?*a) + N; M'ag
hy; = N;FPx)+ Ny M'a, + N; M?a,
Wl = MWy WL + M*Wy W + M3W,,WI
W2 = MWy W + M2W, W + M3W,, Wi
W, = skew (Flay; + F?ay; + Flag;).
(70)
The external loading yields a contribution to the stiffness matrix if r; # 0. Considering
(33) one obtains

0 0 0
PIK:_ 0 NI(SIKM(I'],[_)) NINKmlf (71)
0 N Ngm’y 0

where mi; = lz}p ajr X I_)

Application of the chain rule yields the differential arc-length dS = |X%,c | d¢. The inte-
gration of the element residual and element stiffness matrix with respect to the coordinate
S is performed numerically. To avoid shear locking uniform reduced integration is applied
to all quantities. Finally the transformations of the axial vectors are introduced as follows

5W[ :H[(sz AWK :HKAUJK (72)
where the tensor H is specified in appendix A.2. This leads to

numel nel nel
Ligvh,ovh)] = A SS9 (F + Ko Avk)

e=1 19 k=1

§v; = [du,dwr, o)t Avg = [Aug, Awk, Aag]” (73)

ff = TIff K =TIK§Tx Ty =diagll, Hy, 1].



From eq. (73) one obtains a linear system of equations for the incremental nodal degrees
of freedom. It is emphasized, that the update of the nodal displacements as well as of the
rotational parameters is performed in an additive way. Thus, the equilibrium configuration
is computed iteratively within the Newton iteration procedure.

Remark:

Within an alternative procedure one keeps Aw; as unknown incremental rotational pa-
rameters. Thus the transformation (73) is not necessary anymore. However w; must be
known for the finite element interpolation (57) — (71). It can be obtained within the
following simple update procedure

(74)

H = 1-1Q0 + le; i
where n denotes the index of the Newton iteration procedure. One can easily show that
above expression fulfills H' Hy = 1. Again, the advantage of (74) compared with (73) is,
that the transformation dw; = H; dw; drops out. However, the algorithm (74) requires

additional storage of the parameters w%).

6 NUMERICAL EXAMPLES

The element scheme has been implemented in an enhanced version of the program FEAP
documented in Ref. [18]. In this section three examples with finite deformations and
elastic—plastic material behaviour are presented. With the first example we investigate
the stability behaviour of a beam assuming linear elastic material behaviour. The last
two examples are concerned with the load carrying capacity of beam structures. The
second example is a channel-section beam, where centroid, center of shear and loading
point are not identical. With the last example we solve a coupled beam-shell problem.
For comparison the investigated thin—walled beam structures are discretized using four—
noded shell elements. These elements possess six nodal degrees of freedom which are
identical to the first six degrees of freedom of the beam.

6.1 Lateral Torsional Buckling of a Single Span Girder

The first example is a single span girder with length L = 150 cm where an axial force F'
is applied at the centroid. Fig. 2 shows the cross—section of the channel section beam.
The ratio of the width of the flange to the height of the web is relatively large. This
type of cross—section is fairly sensitive against torsional buckling. The geometrical and
material data are given in (75), where the moments of inertia are denoted according to the
definitions in (51). The section quantities are determined with the finite element program
as is described in [16].
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Figure 2: Cross—section of a single span girder

b = 100 cm A = 592 cm?
h = 10.0 cm I3 = 1108 em?
s = 0.2 com I, = 6449 cm?
t = 0.2 cm Iy = 0.0792 cm?
mo = 7.55 cm I; = 1108.2 cmb (75)

E = 21000 kN/cm?
G = 8077 kN/em?

The boundary conditions are chosen as follows: The displacements at both supports
except the axial displacement at the loaded cross—section are fixed. Furthermore the
torsion angle is fixed at both ends. The other degrees of freedom are not restrained. The
theoretical solution based on a second—order geometrical nonlinear Bernoulli beam theory
including torsion-warping deformation may be found e.g. in Kollbrunner and Meister
[19]. For this purpose we compute the following reference quantities with n = 1 for the
lowest eigenvalue

T2 El
Fi o= nP= ™ = 5940kN
7T2E]33
Fy, = n? T3 = 1020.0 kN (76)
1 2ElIy
Fy = 5 (Glo+nT ) = 1251kN .
157 L

Here, i3, = i% +m3 follows with 1% = (I + I33)/A. Furthermore F; describes the critical
load for buckling in the symmetry plane. The theoretical critical load is given according

to
-1

1 1 1 1\? 4 ma\ 2
R S — = 1154FkN . 77
@ﬂﬁQ+W& &>+&&<m>] 7

Fcr:2




As the result shows F, is close to the pure torsional buckling load F3. Thus one obtains
a significant reduction of the critical load perpendicular to the symmetry plane due to
torsional buckling.

For the numerical solution we discretize the beam with 4,8 and 16 three—noded beam
elements. The boundary conditions are set as described above. We solve the eigenvalue

problem
(Kr —w?1)® =0 (78)

where the contribution of the element nodes to the tangential stiffness matrix K¢ are given
in (65). The critical loads F,,. are characterized by zero—eigenvalues w; with associated
eigenvectors ®;. The minimum values for the different discretizations are given in table
1. As can be seen the agreement of our results with the solution of the second—order
geometrical nonlinear Bernoulli theory is very good.

Table 1: Critical loads of the axially compressed single span girder

numel F, in kN
4 115.3
8 115.0
16 115.0

analytical 1154




6.2 Channel-section beam

A channel-section beam clamped at one end and subjected to a tip force at the free end is
investigated next, see Fig. 3. We assume linear elastic and ideal plastic material behaviour
with constants according to Fig. 3. The yield stress is yo = 36 kN/cm?. The developed
beam model is compared with a shell model. The discretization is performed with 30
two-noded beam elements and in the second case with 360 four-noded shell elements.
The shell discretization consists of 36 elements along the length direction, 6 elements
along the web and 2 elements for each flange. In the following the vertical displacement
w of point O at the cantilever tip is computed. For the elastic—plastic case we load up to
a tip displacement w = 250 cm and then unload the structure.

The results for both models agree very good in the total range of the computed load de-
flection curve, see Fig. 4. This holds for elastic as well as for inelastic material behaviour.
Fig. 5 shows a plot of the von Mises stresses according to eq. (38) for the ultimate state
and the unloaded state. In Fig. 6 the stress distribution of the cross—section at a distance
of 225 ¢m from the clamped end is given again for the ultimate state and the unloaded
state. In the first case the cross—section is completely plastified, whereas in the second
case residual stresses can be seen.

P
— 1
L = 900 cm
h = 30 cm
h _ _Q_._ b = 10 cm
P s = 1.0 ¢cm
L S t t = 1.6 cm
1 E = 21000 kN/cm?
v = 030
b

Figure 3: Channel-section beam with geometrical and material data
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Figure 4: Load deflection curves of the channel
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Figure 5: Von Mises stresses in kN/cm? for the ultimate state and unloaded state
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Figure 6: Von Mises stresses in kN/cm? of the cross—section at a distance of 225 ¢cm from

the clamped end for the ultimate state and unloaded state



6.3 Stiffened plate

With the last example coupling of the beam element with shell elements is investigated.
Fig. 7 shows the cross—section of a rectangular plate of length ¢ and width b with an
L—shaped stiffener. The structure is loaded by a single force, see Fig. 7. The geometrical
and material data are given as follows

¢ = 300 cm E = 21000 kN/cm?
= 80 cm v o= 0.3
t = 05 cm Yo = 36 kN/cm? (79)
K = 0

For comparison we apply two types of different discretizations. In both cases the plate
is modeled using 20 four-noded shell elements in length direction and 10 elements in
transverse direction. In the first case the L— shaped stiffener is discretized with 20 shell
elements in length direction, 3 elements for the vertical leg and 2 elements for the hor-
izontal leg. In the second case 20 two-noded beam elements are used. A computation
without stiffener shows that the beam leads to a significant reduction of the deforma-
tion. The vertical displacement of the loading point is depicted in Fig. 8 for elastic and
elastic—plastic material behaviour. Both models are in good agreement in large ranges of
the computed load deflection curve. Plots of the von Mises stresses and of the equivalent
plastic strains are depicted in Fig. 9, 10 and 11. The maximum plastic strain is about
5%. Fig. 11 shows that the structure undergoes large deformations.

1 50x40x05
# b/2 4 b/2 #

Figure 7: Clamped rectangular plate with stiffener



shell - beam —
shell ——

shell

dastic

lastic

©
—

1
<
i

1
N
-

1
(=] [o¢]
—l

N ul

peo|

200

150

100

50

vertical deflection of the loading point in cm

Figure 8: Load deflection curves of the stiffened plate
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Figure 9: Von Mises stresses in kN/cm? for the stiffened plate at w = 25cm
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Figure 10: Von Mises stresses in kN /em? for the stiffener at the clamped cross—section at
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Figure 11: Equivalent plastic strains of the stiffened plate



7  CONCLUSIONS

In this paper a theory for three-dimensional beams with arbitrary cross—sections and an
associated finite element formulation is developed. The beam strains are derived from the
Green—Lagrangian strain tensor. Elastoplastic material behaviour applying the von Mises
yield condition and associated flow rule is considered. Due to the nonlinear stress—strain
relations the stress resultants and associated linearizations are obtained by numerical in-
tegration over the cross—sections. A finite beam element is developed using Lagrangian
interpolation functions to approximate the kinematic quantities. Each node of the ele-
ment possesses seven degrees of freedom. The basis systems at the nodes are evaluated
using orthogonal transformations. Due to the chosen finite element approximation the lin-
earization yields relative simple expressions for the symmetric tangent matrix. Examples
show the applicability of the developed beam element applied to geometrical and physical
nonlinear problems. Alternative discretizations of thin—walled cross—sections with shell
elements show good agreement between the different models. Thus, the derived element
can effectively be used to analyze the load—carrying capacities of spatial beam structures.



A APPENDIX
A.1  Proof of integrals (52)

Using (3); the following integral is reformulated such that Green’s formula can be applied.
Hence inserting boundary condition (3) yields

/ W,y dA = /[(5215,2),2 +(&ow,3 ),3] dA = ]{[52(117,2 ny + w,3n3)] dC
A A c

80
= j’{ [f2(f3n2 - §2n3)] dC'. ( )

()

Again application of Green’s formula and considering (51); leads to

§ lG(6m — )] AC = [ (@) ~GuldA = [ &dA = A5y (81)

C

which proves (52);. Proceeding in an analogous way leads to (52)s.

The following integral is reformulated in the same way as done above. Thus, we apply
(3)1, Green’s formula and boundary condition (3),

/(w,§+w,§)d,4 = /[(ww,Q),ng(ww,g),g]dA

) y 2
= ]{ [w(w,9n9 + w,3n3)] dC = % w (E3ng — Eang) dAC.
¢ C

Again application of Green’s formula and considering the definition of Saint—Venant tor-
sion modulus (51)4 yields

j{ w(&3ne — &ang) AC' = / (W23 —w,3&) dA = 1o — It (83)
c A

which proves (52)s.

Next using (4) and (5) we get

/ U_Jfg dA = / (52 + SQ)(TI) — mgég -+ mggg) dA = fgg?ﬂg — jggmg = 132 (84)
A A

which yields (52);. The expression for I3 is obtained in an analogous way. Finally eq.
(52)¢ can be derived considering the orthogonality conditions (4) and definition (5).

A.2  First Variation of the Orthogonal Basis System

The current orthogonal basis system can be written using the Rodrigues formula (57)

| .
a;=Re, R=1+ 20+ ¥ (85)

w w?

where w = |w| and 2 = skew w. To alleviate the notation the node index is omitted. The
first variation, denoted here by the symbol 4, yields

da; = 0Re; = SRR”a; = dw x a; (86)



with )
sin w 1 — cosw

R = 00 + 5 (09292 + Q69Q2)
w w
wcosw;sinw9+wsinw+2:scosw—292 5w
S w ) w
sin w — COSW o
RT = 1- WSL% 3 Q

with dw = (w - dw)/w. Inserting the identities

P =ww-uwi 0% = -0’0 0NN =wR® dw — (w-dw)l

yields after some lengthy algebraic manipulation the skew—symmetric tensor

SRRT = (1 — cow?)6Q+ 1 (252 — 699Q) + ¢5 (w - 6w)

1 — cosw w — sinw
cq = —, Cg= ——— .
The associated axial vector reads
ow =How, H=1+¢Q4 0%,

A.8  Second Variation of the Orthogonal Basis System

(87)

(88)

(89)

(90)

The second variation of the orthogonal basis system is denoted by A. One obtains for all

hecR®
h-Ada; = h-A(dw x a;)

h-[0w x (Aw x a;) + AH dw X a;]
= ow-[a,®h—(a;-h)1]Aw + b, - AH jw
where b; = a; x h. The second part in (91) yields with Aw = (w - Aw) /w
gerq 9o

Q4+ ) Aw + 1 AQ + c(AQQ + QAQ)] dw

W w

(91)

= dw- {[(—049 —+ 0592)bz‘ X w] Aw + Clbz‘ X Aw + CQ(AQQ —+ QAQ)bZ}

with
wsinw + 2cosw — 2
C =
’ w?(cosw — 1)
1 0¢y 1 Ocy C3 — Cy
€4 = ;a—w:—clcs, 052587206_0203; Ce = o2
Considering
QAQb; = [(b;-w)l —b; ®w|Aw
Di = ClBi + CQCi
Bi = h®a,—al®h

S; = (—Cg 1- C4Q + ¢5 92) bz

(92)

(93)

(94)



we get
b, - AHow = 0w - [s; @ w + D; + ca(b; - w)1] Aw. (95)

Inserting this result into (91) yields

96
M, = a,®h—(a;,-h)1+H''[s; @w +D; +cy(b; - w)1] H L. (%6)

Within a multiplicative update procedure as is applied in [7] or [8] the last term in
(96) is missing and one obtains a non-symmetric tangent operator. It follows if dw =
dw is chosen, thus H = 1. However, this is justified for a multiplicative procedure
with unknown rotation increments Aw since H(Aw) approaches the unit tensor at an
equilibrium configuration.

The symmetry of M; is shown in the following. For this purpose M; is split in a symmetric
and a skew—symmetric part, thus M; = M7 +M2# where we show that the skew—symmetric
part cancels out. We introduce

w,:=H'1s;, = —c3b;+¢(b;-w)w

H'w = w

(97)

where the first eq. follows immediately by multiplying (97); with H?, comparing the
coefficients and considering (93). The second equation is evident with (74) and Qw = 0.
One obtains

1

M = o (M; - M)
1 1
= —(;®h—-h®a)—-c3(b;Qw—-—w®b,)+H 'D,H! (98)
2 2
1 1
= _§BZ + §C3Ci + HT_1 D’L H_1 .

Considering (74) we get
HTﬁ1 DZ H'! = Dz + %(QDZ — DZQ> + %Cg(QQDZ‘ + Dzﬁz)

99
fley@D - D) - lape + laepe )
with
0D, = D= —(d;-w) 2 (100)
QQDi + DZQQ = _(dz : W)Q — wQDi
QQDZ‘QQ = wQ(di . w) Q
thus
I‘ITﬁ1 Dz H ' = Cr DZ + l(QDZ — DZQ) + Cg(di . UJ) Q
2 (101)
cr=1-— %03w2 g = i — %03 + %cguﬂ

with Clz =C bz + o bz X W.
Using d; - w = ¢1b; - w, (94)3 and
1 1 1 1

é(QDz — DZQ) = —§Cg(bi . w) Q + 502&12 Bl — 501 Cl (102)



one obtains the final version of the skew—symmetric part as

1 1 1 1 1
M;' = (cics — 502) (b; - w) Q2+ (—5 + cie7 + 502002) B; + (503 + cocr — 501) C;, (103)

where one can easily show that the coefficients vanish, and thus M = 0.
The symmetric part of M; reads

MP = 3 (M;+M])
= Y{a;®h+h®a)—(a,-h)l+i(w,Qw+w®w,) +c(b; - w)H TH™!

(104)

and with H™! according to (74) and (88)

T—1p7-1 2 1 L 5o
H "H =1+ 09:—Z+03—1wc3 (105)
we may express (104) as follows
My = f(a®h+h®a)+ 3t @w+w®t;) +cpl

ti = —C3 bl + (Cﬁ + CQCg) (bz . (.U) w (106)

cio = (1 —cyw?)(b;-w)— (a;-h).

Applying a multiplicative update procedure the rotational parameters w are replaced by
Aw which vanish in the Newton iteration process. Thus all terms in w in eq. (106) cancel
out. This again shows that M becomes symmetric at an equilibrium configuration within
the multiplicative procedure [7].
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