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Abstract
The paper is concerned with a 3D piezoelectric beam formulation and its finite element
implementation. The developed model considers geometrically and materially nonlinear
effects. An eccentric beam formulation is derived based on the Timoshenko kinematic as-
sumptions. These are extended by additional warping functions of the cross section, which
follow from torsionally and piezoelectrically induced shear deformations. The formulation
incorporates large displacements and finite rotations and allows the investigation of stability
problems. The finite element model has two nodes with nine mechanical and five electrical
degrees of freedom. It provides an accurate approximation of the electric potential which
is assumed to be quadratic through the cross section. The mechanical degrees of freedom
are displacements, rotations and scaling factors for the warping functions. The latter are
computed in a preprocess solving a 2D in-plane equilibrium condition with the finite ele-
ment method. The gained warping patterns are considered within the integration through the
cross section of the beam formulation. With respect to material nonlinearities, which arise
in ferroelectric materials, the Preisach model is embedded in the formulation. Its applica-
tion to piezoelectric materials leads to a phenomenological model for ferroelectric hysteresis
effects. Some examples demonstrate the capability of the proposed model.
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1 INTRODUCTION

Piezoelectric devices are found in a wide range of applications for sensing and actuation in
the field of smart materials and structures, see e.g. [50, 54]. A lot of these devices have the
shape of beam structures, e.g. the shear actuator in [4] or the acceleration sensor in [15].
These systems are capable to measure forces in the range of millinewton up to kilonewton
and displacements are detected with an accuracy in the range of micrometers, see [57]. Due
to the high accuracy the present work is motivated by the need to analyze the stress and
deformation state of the piezoelectric beam structure as precisely as possible.

A well established tool to solve the electromechanical coupled boundary value problem is the
finite element method. In [6] a survey of finite element formulations is given for piezoelectric
solid, shell and beam structures. The beam models are restricted to some basic assumptions
regarding the dimensional formulation, geometrical nonlinearities, material nonlinearities
and the description of cross section deformations.

Most piezoelectric beam theories are based on a two-dimensional approach, which is suffi-
cient if simple problems like the bending actuator problem are analyzed. For layered piezo-
electric devices with anisotropic material behavior a two-dimensional approach is not a sat-
isfactory model. Here, coupling effects like bending and torsion coupling, see e.g. [28],
may be obtained. This necessitates a three-dimensional formulation for piezoelectric beam
structures. Another argument for three-dimensional models are actuators or sensors which
operate in torsional mode, see [7]. Some modern actuators possess an initial spatial struc-
ture, for instance the helical spring actuator described in [40, 41]. However, in the literature
only a few contributions concerning with three-dimensional piezoelectric beam structures
are found. Jiao and Zhang [25] analyze a helical spring with a simplified analytical formu-
lation. In [2] a reduced kinematic is suggested to investigate the bending torsion coupling in
laminated piezoelectric devices. Ganapathi et al. [17] suggested a three-dimensional formu-
lation with a warping function for torsion, which is restricted to rectangular cross sections
and linear problems.

A geometrically nonlinear formulation is necessary to describe stability effects. In the work
of [22, 37] the piezoelectric effect is utilized to strengthen the structure and to increase the
stability load. Closed solutions are presented. In [13, 36] the significant impact of geometri-
cally nonlinearities for 2D structures is discussed.

Material nonlinearities arise in ferroelectric ceramics. These class of materials is preferred
for the industrial production of piezoelectric devices. It is characterized by significant ferroe-
lastic and ferroelectric hysteresis effects. In recent years some thermodynamic constitutive
models have been developed, see [26, 27] or [31] and the references therein. A very simple
model to capture arbitrary hysteresis effects is the so-called Preisach model, introduced in
[43]. The model needs only a few material parameters and was originally developed to de-
scribe effects arising in magnetization processes. In recent years the model is successfully
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adopted to model ferroelectric ceramics, see e.g. [12, 23, 39, 49, 60]. Hwang et al. [23]
employed the Preisach model to predict the remanent polarization and the remanent strain
from an imposed electric field and a stress. They introduced a simple fully coupled one-
dimensional model with uni-axial loading. In [39, 49, 60] the Preisach model is utilized to
account only for the dielectric hysteresis. Here, the Preisach approach is implemented in a
three-dimensional beam finite element to model the dielectric and the butterfly hysteresis.

Due to the fact that the piezoelectric devices have traditionally laminate forms, the above
mentioned beam formulations include a more or less sophisticated laminate theory. A survey
of different laminate theories is given in [46]. The simplest theory considers the strain which
arise due to the piezoelectric effect as additional strain, no electric freedom is taken into
account. Enhanced formulations include the electric potential as degree of freedom. The
so-called equivalent single-layer models are based on the assumption that the whole cross-
section deforms like one layer. More sophisticated models consider the kinematics and the
variation of the electric potential through the thickness as piecewise continuous, see e.g.
[45]. These theories are able to account for higher order effects, but they are expensive from
a computational point of view.

The essential features and novel aspects of the present work are summarized as follows:

• On the basis of the Timoshenko kinematic assumptions an eccentric beam formulation
for piezoelectric structures is derived. These assumptions are extended by three ad-
ditional warping functions of the cross section. For the finite element approximation
an element with two nodes and nine mechanical and five electric degrees of freedom
per node is used. The mechanical degrees of freedom are three displacements, three
rotations and three scaling factors for the warping patterns. The five electric degrees
of freedom are employed for a sufficiently accurate approximation of the electric po-
tential.

• The geometrically nonlinear theory accounts for large displacements and rotations and
is able to represent rigid body motions and to analyze stability problems.

• The constitutive relation is based on a piezoelectric continuum formulation. In the
frame of beam theory the stress components perpendicular to the beam axis are as-
sumed to be zero. The corresponding material matrix is observed by a static conden-
sation. With respect to the material nonlinearities the Preisach model is implemented.
The three-dimensional uniaxial model is able to represent the ferroelectric hysteresis
and the so-called butterfly loop.

• The deformations of the cross section are analyzed in a preprocess and result in warp-
ing patterns. A two-dimensional boundary value problem is solved by the finite el-
ement method. The warping functions follow from torsion and piezoelectrically in-
duced shear deformations. An arbitrary cross section consisting out of different layers
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is modeled by quadrilateral elements. The resulting warping patterns are incorporated
in the beam formulation; in particular the finite element mesh is employed for the
integration through the cross section. The suggested formulation may be seen as an
alternative to the so-called discrete layer models.

The outline of the paper is as follows: In Section 2 the governing equations of the electrome-
chanically coupled boundary value problem are derived. In Section 3 the Preisach model is
described and adopted for the electromechanical boundary problem. Section 4 is concerned
with the basic assumptions of the piezoelectric beam formulation regarding the constitutive
law, the kinematic description and the distribution of the electric field through the cross sec-
tion. In the next Section the variational formulation is described. In Section 6 the finite
element approximation is introduced. Finally, in Section 7 some numerical examples show
the capability of the presented formulation.

2 GOVERNING EQUATIONS FOR PIEZOELECTRICITY

In this section the basic equations for piezoelectricity are briefly summarized to clarify the
notation. These equations are fundamental for the subsequent finite beam element formula-
tion. The equilibrium equation and the local form of Gauss law with respect to the reference
configuration B0 are given as

Div P + b = 0 in B0 (1)

Div �D = 0 in B0 . (2)

Here, P denotes the first Piola-Kirchhoff stress tensor and my be expressed as P = F S,
where F = Grad x is the deformation gradient and S is the second Piola-Kirchhoff stress
tensor. The Vector b describes the mechanical body forces. �D corresponds to the dielec-
tric displacements, free volume charges are not considered in Eq. (2). The mechanical and
electrical boundary conditions read

S · n − t = 0 on ∂tB0 (3)

�D · n − σ̄ = 0 on ∂σB0 , (4)

in which t is defined as the prescribed traction vector on the surface ∂tB0 and the scalar value
σ̄ is the electric surface charge on ∂σB0. The outward unit normal vector on ∂B0 is denoted
by n. The geometrically nonlinear Green-Lagrangean strains E and the electric field �E are
defined as

E =
1

2
(Grad u + Grad uT + Grad uT Grad u) (5)

�E = −Grad φ , (6)
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where u is the displacement vector and φ is the electric potential. In order to include non-
linear material behavior which is caused by piezoelectric domain switching effects, the ir-
reversible or remanent polarization vector �P i is introduced. It serves as an internal state
variable. Due to the domain switching an irreversible strain Ei arises. The nonlinear consti-
tutive equations are given as

S = �(�P
i
) : (E − Ei) − �(�P

i
) · �E

�D − �P
i
= �(�P

i
)T : (E − Ei) + ε(�P

i
) · �E .

(7)

Here,�, � and ε are the elasticity tensor, the piezoelectric tensor and the permittivity tensor
as functions of the internal state variable. In this work only ferroelectric hysteresis phenom-
ena are considered. In this case the remanent polarization depends only on the electric field
�P i = �P i(�E). This relation will be discussed in detail within the Preisach model in the next
section.

3 FERROELECTRIC HYSTERESIS PHENOMENA USING THE
PREISACH MODEL

The Preisach model [43] was introduced in 1935 to describe hysteresis effects in magnetic
materials. The Russian mathematician Krasnoselski [29] separated the Preisach model from
its physical meaning. It is a general and fundamental mathematical formulation, which is
able to describe a wide range of different hysteresis phenomena. The most important nonlin-
ear material parameter of this model is the so-called Preisach function. Several identification
procedures for its determination are proposed in the literature, see e.g. [14, 24, 33]. An im-
plementation of the Preisach model in the subsequent finite element formulation is derived.
First, a brief description of the basic idea of the Preisach model is presented, for detailed
information see Mayergoyz [33]. In a second step the application to ferroelectric hysteresis
effects is described.

3.1 General description of the Preisach Model

The basic idea of the Preisach model states, that a complex hysteresis can be composed by the
superposition of an infinite number of simple elementary hysteresis operators or hysterons
γαβ . Each operator corresponds to a simple rectangular loop of an input-output diagram as
depicted in Fig. 1. The output value γαβ(u) of one single hysteron is +1 or −1. For a mono-
tone increasing of the input value u(t), the output value follows the path ABCDE. Vice
versa, in the case of a monotone decreasing value u(t), γα,β(u) follows the path EDFBA.
The parameters α and β describe to up- and down-switching values that cause a change of
γαβ(u) from −1 or +1 and +1 or −1, respectively. Each hysteron has specific values for
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Figure 1: Input-Output diagram of a single hysteron.

α and β. Thereby, α and β can be positive or negative with the constraint α ≥ β. The
global output value is obtained by the superposition of all output values with the following
integration

f(t) =

∫∫
α≥β

μ(α, β) γαβ(u(t)) d α d β . (8)

The expression μ(α, β) is called the Preisach function and can be treated as a weighting
function for each hysteron. On this note, the condition∫∫

α≥β

μ(α, β) d α d β = 1 (9)

must be fulfilled. Further, the normalization of the input value leads to the following defini-
tion of the Preisach function

μ(α, β) =

{
μ(α, β) ; if − 1 ≤ α ≤ 1 and − 1 ≤ β ≤ α

0 ; otherwise .
(10)

3.2 Specification of the Preisach model to account for ferroelectric ma-
terial behavior

For the application of the Preisach model to beam formulations the following assumptions
are made:

• The irreversible polarization �P i is determined by the Preisach model. The orientation
of the irreversible polarization is arbitrary but fixed and corresponds to the direction
of the external electric field. Thus, this model is restricted to 180 degree domain
switching effect.
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• Only the components of the irreversible beam strains are considered, which appear in
the beam formulation.

• Ferroelastic hysteresis phenomena are not taken into account in this work.

The global output function f(t) of the Preisach model corresponds to the relative, irreversible
polarization �P i,rel which is defined in −1 ≤ �P i,rel ≤ 1. It describes the fraction of the
piezoelectric material that exhibits a macroscopic polarization. The algebraic sign defines the
direction of the irreversible polarization. The value of the resulting irreversible polarization
�P i is given by the equation

�P
i
= �P sat �P i,releP (11)

with the saturation polarization �P sat and the prescribed direction of the irreversible polar-
ization defined by the unit vector eP . Since the domain switching effects can be treated as
a volume conserving process [23], the irreversible strains Ei are determined as proposed by
Kamlah [26] and McMeeking & Landis [34]

Ei =
3

2
Esat ‖�P

i‖
�P sat

(eP ⊗ eP − 1

3
I) . (12)

The irreversible beam strains consider the components Ei
b = [Ei

11, 2 Ei
12, 2 Ei

13] and follow
from Eq. (12) as

Ei
b = Esat �P i,rel

⎡⎣ 3
2
eP
1 eP

1 − 1
2

3 eP
1 eP

2

3 eP
1 eP

3

⎤⎦ (13)

Due to the poling process, the piezoelectric material has orthotropic properties. Thus, the
matrices �̃, �̃ and ε̃ must be transformed in direction of the vector eP . This transformation
can be performed by standard operations and will not be discussed in this paper.

4 BASIC ASSUMPTIONS FOR THE PIEZOELECTRIC BEAM
FORMULATION

4.1 Condensation of the constitutive equations

The special stress assumption in beam theory (Sk = [S22, S33, S23]
T = 0) requires a modifi-

cation of the three-dimensional constitutive equations given in Eq. (7). Introducing the stress
vector Sb = [S11, S12, S13]

T and the corresponding strain vectors Eb = [E11, 2 E12, 2 E13]
T

and Ek = [E22, E33, 2 E23]
T , the constitutive equation is rewritten as⎡⎢⎢⎣

Sb

Sk

�D − �P
i

⎤⎥⎥⎦ =

⎡⎢⎣�b �bk −�b

�
T
bk �k −�k

�
T
b �

T
k ε

⎤⎥⎦
⎡⎢⎣Eb − Ei

b

Ek − Ei
k

�E

⎤⎥⎦ . (14)
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Considering the assumption Sk = 0, the strains Ek can be eliminated from the constitutive
equations by static condensation which leads to

Sb = �̃(�P
i
) (Eb − Ei

b) − �̃(�P
i
) �E

�D − �P
i
= �̃(�P

i
)T (Eb − Ei

b) + ε̃(�P
i
) �E ,

(15)

with

�̃ := �b −�bk�
−1
k �

T
bk �̃ := �b −�bk�

−1
k �k ε̃ := ε + �T

k �
−1
k �k . (16)

The condensation of the three-dimensional constitutive law is a standard procedure, see e.g.
Benjeddou et al. [8], who assumed a special poling direction of the piezoelectric material.
In this work, an arbitrary poling direction of the piezoelectric material is taken into account.
This is especially advantageous for three-dimensional structures, see also Section 7.

4.2 Kinematic description of the beam

The kinematic description is based on the work by Gruttmann et al. [19, 21] which is adjusted
to the special requirements of the presented piezoelectric beam formulation. Therefore, we
make the following assumptions:

• For the kinematic description the Timoshenko beam theory is employed and enhanced
by three additional warping functions.

• The shape of the cross section remains unchanged during the deformation of the beam.

• The cross sections are thick-walled.

• The mechanical loads are assumed to be conservative. The electric loading described
in Section 4.4 is defined with respect to the local beam axis of the undeformed config-
uration.

• The kinematic description considers large deformations but small strains.

A beam in the reference configuration B0 and in the current configuration Bt is shown in
Fig. 2. To describe an arbitrary point of the beam in B0, an orthogonal coordinate system
Ai is introduced. In the reference configuration the basis vector A1 corresponds to the
coordinate S = ξ1 ∈ [0, L]. The cross section is in plane and described by the vectors A2

and A3. The coordinate system ai in the current configuration Bt has also orthogonal base
vectors. Due to the beam kinematics the vector a1 is not necessarily the tangent vector of the
deformed reference curve. The vectors X0 and x0 define an arbitrary point on the reference
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line. Its displacement u is given by u = x0 − X0. By introducing the global cartesian
coordinate system ei the base vectors Ai and ai follow from the orthogonal transformation

Ai(S) = R0(S) ei ai(S, t) = R(S, t) ei with R, R0 ∈ SO(3) . (17)

The rotation tensors R0 and R are described by an axial vector with three parameters, see
also e.g. [52].

B0

Bt

ei

Ai

ai

S

L X0

x0

u

O
A2

A3

piezoelectric
layer

Sq

Sp

ξ1

ξ2

ξ3

ξp2

ξp3

sq2sp2

sq3

sp3

Figure 2: Beam configuration and definition of the cross section.

An arbitrary point of the beam is defined by the position vectors X and x in the reference
and the current configuration respectively

X(ξ2, ξ3, S) = X0(S) + ξ2 A2(S) + ξ3 A3(S)

x(ξ2, ξ3, S, t) = x0(S, t) + ξ2 a2(S, t) + ξ3 a3(S, t) + [¯̄ω(ξ2, ξ3) · α(S, t)] a1(S, t) .
(18)

The vector ¯̄ω contains the values of the three warping functions at the cross section co-
ordinates (ξ2, ξ3). Each warping function is multiplied with a separate scaling factor
αi, i = 1...3. They are arranged in the vector α = [α1, α2, α3]

T . Here the base vector
a1 is assumed to be piecewise constant, see [20]. The evaluation of the warping functions is
discussed in Section 4.3 in detail.

Based on the kinematic assumptions (18), the tangent vectors Gi = X,i and gi = x,i are
given as

G1 = X ′
0 + ξ2 A′

2 + ξ3 A′
3 g1 = x′

0 + ξ2 a′
2 + ξ3 a′

3 + ¯̄ω · α′ a1

G2 = A2 g2 = a2 + (¯̄ω,2 ·α) a1 (19)

G3 = A3 g3 = a3 + (¯̄ω,3 ·α) a1 .

The expression (·)′ denotes the differentiation with respect to the beam coordinate S. The
derivatives of the base vectors are determined as

A′
i = R′

0 RT
0 Ai a′

i = R′ RT ai . (20)
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The tensor products R′
0 RT

0 and R′ RT yield a skew symmetric tensor. Accordingly,
Eqs. (20) can be written alternatively as

A′
i = θ0 × Ai a′

i = θ × ai , (21)

with the axial vectors θ0 and θ respectively. With respect to small strains, the Green-
Lagrangean strains are taken into account and are derived using the tangent vectors given
in Eq. (19), see also [19],

Eij =
1

2
(x,i ·x,j −X,i ·X,j ) =

1

2
(gi · gj − Gi · Gj) . (22)

Within the framework of the beam formulation, the resulting strain tensor is reduced to the
vector Eb = [E11, 2 E12, 2 E13]

T and decomposed as follows

Eb = Â(ξ2, ξ3) Ê(S) . (23)

The mechanical transformation matrix Â(ξ2, ξ3) contains the quantities that depend on the
cross section coordinates ξ2 and ξ3

Â(ξ2, ξ3) =

⎡⎣ 1 0 0 0 ξ3 −ξ2 0 0 0 ¯̄ω1 ¯̄ω2 ¯̄ω3

0 1 0 −ξ3 0 0 ¯̄ω1,2 ¯̄ω2,2 ¯̄ω3,2 0 0 0

0 0 1 ξ2 0 0 ¯̄ω1,3 ¯̄ω2,3 ¯̄ω3,3 0 0 0

⎤⎦ , (24)

whereas the beam strains are arranged in the vector Ê(S)

Ê(S) =

⎡⎢⎢⎢⎣
ε − ε0

κ − κ0

α

α′

⎤⎥⎥⎥⎦ . (25)

Using the small strain assumption, higher order products of ξ2, ξ3, ¯̄ωi, αi and α′
i can be

neglected. This leads to the following strain measures

ε =

⎡⎣ 1
2
x′

0 · x′
0

x′
0 · a2

x′
0 · a3

⎤⎦ κ =

⎡⎣ θ · a1

x′
0 · a′

3

x′
0 · a′

2

⎤⎦ . (26)

The strain measure ε0 and κ0 result from Eq. (26) if the base vectors of the current configu-
ration are replaced by the base vectors of the reference configuration.

4.3 Evaluation of the warping functions

The evaluation of cross-section warping for torsional problems is a classical problem in
mechanics, see [56]. For electromechanical problems the situation is more complex due to
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the fact that warping induced by electrical loading occur. To the knowledge of the authors
this problem is not discussed in the literature up to now. However, here cross-section warping
due to piezoelectric shear actuation is analyzed. The warping patterns are determined by the
Neumann problem

S12,2 + S13,3 = 0 in Ω

S12 n2 + S13 n3 = 0 on ∂Ω .
(27)

For the torsional problem, we prescribe an unit torque of the beam axis. Under consideration
of a geometrically linear kinematic, the resulting shear stresses are given as[

S12

S13

]
=

[
�̃22 �̃23

�̃32 �̃33

] [
ω1,2 − ξ3

ω1,3 + ξ2

]
, (28)

where ω1 denotes the warping due to torsion. The piezoelectrically induced shear deforma-
tion leads to constant shear strains 2E12, 2E13 in the piezoelectric layer. These are prescribed
as unit shear strains to the piezoelectric cross section. The resulting shear stresses read[

S12

S13

]
=

[
�̃22 �̃23

�̃32 �̃33

] [
ω2,2 + 1

ω2,3

]
,

[
S12

S13

]
=

[
�̃22 �̃23

�̃32 �̃33

] [
ω3,2

ω3,3 + 1

]
. (29)

The ωi with i denote the three cases which describe the warping due to torsion and piezo-
electrically shear actuation in ξ2- and ξ3-direction, respectively. The weak formulation of
Eq. (27), with respect to the three loads cases reads∫

Ω

[
δωi,2

δωi,3

]T ([
�̃22 �̃23

�̃32 �̃33

] [
ωi,2

ωi,3

]
+

[
�̃22 �̃23

�̃32 �̃33

]
f i

)
d A = 0 (30)

with

f 1 =

[−ξ3

ξ2

]
, f 2 =

[
1

0

]
, f 3 =

[
0

1

]
. (31)

Here, Ω is the cross-section area and δωi denotes an admissible test function. The problem
is solved approximately by the finite element method. The resulting warping patterns ωi are
scaled by

ω̄i = ωi − 1

A

∫
Ω

ωi d A with
∫
Ω

ω̄i d A = 0 . (32)

These functions are decomposed in a rigid body rotation and a part ¯̄ωi describing the pure
warping deformation. Since the rotation is already considered in the beam kinematics, this
part is eliminated by solving the minimization problem

Π =

∫
Ω

1

2
(ω̄i(ξ2, ξ3) − a ξ2 + b ξ3)

2 d A ⇒ min . (33)

where a and b are parameters describing a plane. The warping function ¯̄ωi(ξ̄2, ξ̄3) =

ω̄i(ξ̄2, ξ̄3) − (a ξ̄2 + b ξ̄3) is incorporated in the underlying beam formulation. For a detailed
description we refer to [11], [20].
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4.4 Electric field quantities

Along with the kinematics of the beam formulation, an appropriate description of the electric
field quantities is necessary. The choice of the approximation space for the electric potential
perpendicular to the beam axis is discussed in literature in several works, see eg. Altay &
Dökmeci [3], Krommer & Irschik [30] or Wang & Quek [58, 59]. Here, we use a quadratic
function for the approximation of the electric potential in ξ2- and ξ3-direction, which reads

φ(ξ2, ξ3, S) = c1(S) + c2(S) ξp2 + c3(S) ξp3 + c4(S)

(
b2
p

4
− ξ2

p2

)
+ c5(S)

(
h2

p

4
− ξ2

p3

)
.

(34)
The quadratic terms in (34) are included for an adequate description of the electric potential
in the case of bending deformations. With the proposed approximation of the electric field,
the piezoelectric layer is restricted to a rectangular shape. The quantities bp and hp define the
width and height of the piezoelectric layer, the coordinates ξp2 and ξp3 refer to its centroid
Sp as depicted in Fig. 2. The parameters c1 - c5 are unknown and comply with the electrical
degrees of freedom of the piezoelectric beam formulation. With respect to Eq. (34) the
electric field �E Eq. (6) is determined by

�E = Ā(ξ2, ξ3) �̄E(S) . (35)

The electrical transformation matrix Ā is given as

Ā(ξ2, ξ3) = −

⎡⎢⎣ 0 0 0 0 0 1 ξp2 ξp3

(
b2p
4
− ξ2

p2

) (
h2

p

4
− ξ2

p3

)
0 1 0 −2 ξp2 0 0 0 0 0 0

0 0 1 0 −2 ξp3 0 0 0 0 0

⎤⎥⎦ ,

(36)
the vector �̄E contains the electric field quantities that depend on the beam coordinate S

�̄E(S) =

[
Φ

Φ′

]
with

Φ (S) = [c1, c2, c3, c4, c5]
T

Φ′(S) = [c′1, c
′
2, c

′
3, c

′
4, c

′
5]

T
. (37)

5 VARIATIONAL FORMULATION

The weak formulation of Eqs. (1), (2) are observed integration by parts and the divergence
theorem as

G =

∫
B0

δET
b Sb d V −

∫
B0

δ �E
T �D d V −

∫
B0

δuT b d V −
∫

∂tB0

δuT t d A −
∫

∂σ̄B0

δφ σ̄ d A = 0 .

(38)

According to beam theory only the stresses Sb and the strains Eb are included in the virtual
work expression. In the next two subsections the internal and external virtual work expres-
sions are discussed with respect to the beam formulation, where the volume integral is split
in an integral through the cross-section Ω and an integral through the beam coordinate S.
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5.1 Internal virtual work

The independent kinematic quantities of the beam formulation are v = [u,R,α]T with the
displacements u, the rotation tensor R and the scaling factors α of the warping functions.
The independent electric quantities are five parameters, which are summarized in the vector
Φ = [c1, c2, c3, c4, c5]

T .

Let Vv = {δv = [δu, δw, δα]T : [0, L] → R3 | δv = 0 on ∂uB} be the space for admissible
kinematic variation. Here, ∂uB corresponds to the boundaries with prescribed displacements
and rotations. The axial vector δw follows from δai = δRRT ai = δw×ai, see Gruttmann
et al. [21]. Let Vφ = {δΦ : [0, L] → R3 | δΦ = 0 on ∂φB} be the space for admissible
electric potential variations. On the boundary ∂φB the electric potential φ is prescribed. The
virtual Green-Lagrangean strains are given as

δE = Â δÊ with δÊ =
[
δε δκ δα δα′]T (39)

with the following strain components

δε =

⎡⎣ x′
0 · δu′

a2 · δu′ + x′
0 · δa2

a3 · δu′ + x′
0 · δa3

⎤⎦ δα =

⎡⎣ δα1

δα2

δα3

⎤⎦

δκ =

⎡⎣ a1 · δθ + θ · δa1

a′
3 · δu′ + x′

0 · δa′
3

a′
2 · δu′ + x′

0 · δa′
2

⎤⎦ δα′ =

⎡⎣ δα′
1

δα′
2

δα′
3

⎤⎦
. (40)

The virtual electric field δ �E is defined as

δ �E = Ā δ �̄E with δ �̄E =

[
δΦ

δΦ′

]
(41)

with

δΦ = [δc1, δc2, δc3, δc4, δc5]
T δΦ′ = [δc′1, δc

′
2, δc

′
3, δc

′
4, δc

′
5]

T . (42)

The internal virtual work that follows from Eq. (38) and is rewritten as

Gint =

∫
B0

δET
b Sb d V −

∫
B0

δ �E
T �D d V =

∫
S

δÊ
T

Ŝ d S −
∫
S

δ �̄ET �̄D d S . (43)

The work conjugate stress resultants Ŝ are obtained by integration over the cross section of
the beam

Ŝ =

∫
Ω

Â
T
Sb d A =

∫
Ω

⎡⎢⎢⎢⎣
S11 e1 + S12 e2 + S13 e3

W d (S11 e1 + S12 e2 + S13 e3)
¯̄ω,2 S12 + ¯̄ω,3 S13

¯̄ω S11

⎤⎥⎥⎥⎦
[12×1]

d A (44)
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with W d = skew d and the axial vector d = [0, ξ2, ξ3]
T . The components of the vector Ŝ

are defined as

Ŝ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N

Q2

Q3

M1

M2

M3

N ¯̄ω1

N ¯̄ω2

N ¯̄ω3

M ¯̄ω1

M ¯̄ω2

M ¯̄ω3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

}
}
}
}

normal force

shear forces

torsional moment

bending moments

bi-shear

bi-shear due to warping

bi-moment

bi-moment due to warping

(45)

The work conjugate dielectric stress vector �̄D is obtained similarly by integration over the
cross section

�̄D =

∫
Ω

Ā
T �D d A =

∫
Ω

−

⎡⎢⎢⎢⎣
�D2 e2 + �D3 e3

−2 ξp2
�D2

−2 ξp3
�D3

Φ �D1

⎤⎥⎥⎥⎦
10×1

d A . (46)

In contrast to Ŝ, no descriptive interpretation of the components of �̄D is established so far.

5.2 External virtual work

A detailed treatment of the mechanical part of the external virtual work is given in the publi-
cations of Gruttmann et al. [19, 21] and will not be discussed in this paper. For the description
of the electrical part of the external virtual work the following consideration is proposed. The
virtual electric potential is decomposed into the vectors δΦ and ā

δφ = ā(ξp2, ξp3) · δΦ(S) with ā =
[
1 ξp2 ξp3

(
b2p
4
− ξ2

p2

) (
h2

p

4
− ξ2

p3

)]T
.

(47)
The integration over the surface ∂σ̄B0 of the beam is split into an integration over the beam
coordinate S and a contour integral s over the cross section surface of the piezoelectric layer,
see Fig. 3.

Gelc
ext(Φ, δΦ) = −

∫
∂σ̄B0

σ̄0 δφ d A = −
∫
S

δΦT
(∮

s

σ̄0 ā d s
)

︸ ︷︷ ︸
q̄σ̄

d S . (48)
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piezoelectric area
of the cross section

Figure 3: Definition of the surface load σ̄i.

Since we assume a rectangular shape of the piezoelectric material layer, the contour integral
q̄σ̄ can be analytically determined as follows

q̄σ̄ =

⎡⎢⎢⎢⎢⎢⎣
(σ̄o

3 + σ̄u
3 ) bp + (σ̄o

2 + σ̄u
2 ) hp

0 + 1
2
(σ̄o

2 − σ̄u
2 ) hp bp

1
2
(σ̄o

3 − σ̄u
3 ) hp bp + 0

1
6
(σ̄o

3 + σ̄u
3 ) b3

p + 0

0 + 1
6
(σ̄o

2 + σ̄u
2 ) h3

p

⎤⎥⎥⎥⎥⎥⎦ . (49)

5.3 Linearization of the virtual work expressions

The weak form is solved approximately by employing the finite element method. Due to the
nonlinearities the iterative solution strategy according to Newton-Raphson is utilized. This
necessitates a further linearization of the weak form, which reads

Lin[G(v + Δv, δv,Φ + ΔΦ, δΦ)] = G + [Dv G · Δv + DΦ G ΔΦ]

Dv G · Δv =
d

d α
[G(v + α Δv, δv,Φ, δΦ)]α=0

Dφ G ΔΦ =
d

d α
[G(v, δv, φ + α ΔΦ, δΦ)]α=0 .

(50)
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Applying Eq. (50) to the internal virtual work (43), its linearization is observed as

[Dv G · Δv + DΦ G ΔΦ]int =

∫
B0

δET
b (�̃ΔEb − �̃Δ�E) d V

−
∫
B0

δ �E
T
(�̃T ΔEb + ε̃ Δ�E + Δ�P

i
) d V

+

∫
B0

ΔδET
b Sb d V −

∫
B0

Δδ �E
T �D d V

. (51)

Here, the stresses Sb and the electric displacements �D are determined by the nonlinear mate-
rial law (15). The linearized beam strains ΔEb = Â ΔÊ with ΔÊ = [Δε, Δκ, Δα, Δα′]T

are formally obtained from Eq. (40) by replacing the operator δ by Δ. According to
Sauer [47], the linearized virtual strains are given as

Δδε =

⎡⎣ δu′ · Δu′

δa2 · Δu′ + δu′ · Δa2 + x′
0 · Δδa2

δa3 · Δu′ + δu′ · Δa3 + x′
0 · Δδa3

⎤⎦

Δδκ =

⎡⎣ δa′
2 · Δa3 + δa3 · Δa′

2+ a3 · Δδa′
2 + a′

2 · Δδa3

δa′
3 · Δu′ + δu′ · Δa′

3 + x′
0 · Δδa′

3

δa′
2 · Δu′ + δu′ · Δa′

2 + x′
0 · Δδa′

2

⎤⎦ .

(52)

The linearized electric quantity Δ�E = Ā Δ�̄E is defined as

Δ�̄E =

[
ΔΦ

ΔΦ′

]
with

ΔΦ = [Δc1, Δc2, Δc3, Δc4, Δc5]
T

ΔΦ′ = [Δc′1, Δc′2, Δc′3, Δc′4, Δc′5]
T

, (53)

whereas the linearized virtual electric field is equal to zero, Δδ �̄E = 0. With respect to
Eqs. (23), (35) and integration through the cross section, the linearization of the inner virtual
work reads

[Dv G · Δv + DΦ G ΔΦ]int =

∫
S

(δÊ
T
�̂ΔÊ − δÊ

T ˆ̄
�Δ�̄E) d S

+

∫
S

(δ �̄ET ˆ̄
�

T ΔÊ + δ �̄E �̄Δ�̄E) d S +

∫
S

ΔδÊ
T

Ŝ d S .

(54)
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The integration through the cross section yields the matrices

�̂ =

∫
Ω

Â
T
�̃ Â d A ˆ̄

� =

∫
Ω

Â
T
�̃ Ā d A �̄ =

∫
Ω

Ā
T

(ε̃ + εPol) Ā d A .

(55)

The quantity εPol occurs due to the material nonlinear constitutive Eq. (7). From the work
expression it follows with a partial derivative of �P i with respect to the electric field

∫
B0

δ �E
T ∂ �P

i

∂ �E
Δ�E d V =

∫
B0

δ �E
T

εPolΔ�E d V . (56)

The second order tensor εPol is interpreted as the linearized part of electric permittivity.

For the linearization of the mechanical part of the external virtual work we refer to the pub-
lications of Sauer [47] and Gruttmann et al. [21]. For the problems discussed in this paper
this quantity can be neglected. Since ΔδΦ is equal to zero, the linearization of the electrical
part of the external virtual work is also equal to zero.

6 FINITE ELEMENT APPROXIMATION

According to the isoparametric concept, the following independent variables are approxi-
mated using linear shape functions N1(ξ) = 1

2
(1−ξ) and N2(ξ) = 1

2
(1+ξ) with −1 ≤ ξ ≤ 1

Xh
0 =

2∑
I=1

X0 I NI(ξ) xh
0 =

2∑
I=1

(X0 I + uI) NI(ξ)

αh =
2∑

I=1

αI NI(ξ) Φh =
2∑

I=1

ΦI NI(ξ) .

(57)

The index h characterizes the approximated quantities and the subscript I denotes the node
number. The basis systems Am and am are interpolated using the same shape functions

Ah
m =

2∑
I=1

Am I NI(ξ) ah
m =

2∑
I=1

am I NI(ξ) . (58)

The base vectors Am of the reference configuration are obtained from geometrical considera-
tions of the undeformed finite element mesh. The base vector am of the current configuration
follow from Eq. (17). Thus, the rotation tensor RI must be determined using the Rodriguez
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formula. With three independent parameters arranged in the pseudovector ω, the Rodriguez
formula is given as

RI = am I ⊗ em = 1 +
sin ωI

ωI

ΩI +
1 − cos ωI

ω2
I

Ω2
I . (59)

The norm ωI = ‖ωI‖ =
√

ω2
1 I + ω2

2 I + ω2
3 I of the pseudo vector corresponds to the magni-

tude of the rotation. For the skew symmetric tensor ΩI the relation ΩI h = ωI × h for all
vectors h ∈ R3 is valid

ΩI =

⎡⎣ 0 −ω3 I ω2 I

ω3 I 0 −ω1 I

−ω2 I ω1 I 0

⎤⎦ with ωI =

⎡⎣ω1 I

ω2 I

ω3 I

⎤⎦ . (60)

The interpolation of the virtual quantities and the associated linearizations are given as

δuh =
2∑

I=1

δuI NI(ξ) δαh =
2∑

I=1

δαI NI(ξ) δΦh =
2∑

I=1

δΦI NI(ξ)

δah
m =

2∑
I=1

δam I NI(ξ) Δδah
m =

2∑
I=1

Δδam I NI(ξ)

(61)

For the linearization of the virtual basis vectors Δδam I see Gruttmann et al. [21] and
Sauer [47]. The definition of the virtual basis vectors δam I reads

δam I = δRI RT
I am I = δwI × am I = W T

m I δwI (62)

with W m I = skew(am I)
T . The scalar product of the linearized, virtual basis systems and

an arbitrary vector h is approximated by

h · Δδah
m =

2∑
I=1

NI δwI · M (am I ,h) ΔwI . (63)

Here, the matrix M(am I ,h) is defined as

M (am I ,h) =
1

2
(am I ⊗ h + h ⊗ am I) − (am I · h)1

− ĉ3

[
1

2
(bm I ⊗ ωI + ωI ⊗ bm I) − (bm I · ωI)1

]
(64)

+ ĉ4(bm I · ωI)Ω
2
I

and the constants

ĉ3 =
2 cos ωI + ωI sin ωI − 2

w2
I (cos ωI − 1)

and ĉ4 =
4 cos ωI + ωI sin ωI + ω2

I − 4

2 ω4
I (cosωI − 1)

. (65)
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The approximation of the virtual beam strains δÊ follows from virtual beam kinematics
δvI = [δuI , δwI , δαI ]

T and the mechanical B̂I matrix

δÊ
h

=
2∑

I=1

B̂I δvI , with B̂I =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

xT
0 N ′

I 0 0

aT
2 N ′

I bT
2 I(x

′
0) NI 0

aT
3 N ′

I bT
3 I(x

′
0) NI 0

0 bT
2 I(a3) N ′

I 0

a′T
3 N ′

I b′T
3 I(x

′
0) NI + bT

3 I(x
′
0) N ′

I 0

a′T
2 N ′

I b′T
2 I(x

′
0) NI + bT

2 I(x
′
0) N ′

I 0

0 0 13×3 NI

0 0 13×3 N ′
I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(66)

Here, the vector bm I and its derivative with respect the beam coordinate S are defined as

bm I(h) = am I × h b′
m I(h) = a′

m I × h . (67)

For the approximation of the virtual electric field δ �̄E, the virtual electrical quantity δΦI and
the electrical B̄I matrix are used

δ �̄Eh =
2∑

I=1

B̄I δΦI with B̄I =

[
NI 15×5

N ′
I 15×5

]
[10×5]

. (68)

Considering the former approximations in the weak form, the linearized boundary value
problem of Eq. (51) reads

Lin[G(vh, δvh,Φh, δΦh)] =
numel⋃
e=1

2∑
I=1

2∑
K=1

[
δvI

δΦI

]T ([
f̂ I

f̄ I

]
+

[
K̂T IK − ˆ̄KT IK

ˆ̄KT
T IK K̄T IK

] [
ΔvK

ΔΦK

])
(69)

The vectors f̂ I and f̄ I represent the mechanical and electrical loading on element level

f̂
e

I =

∫
S

B̂
T

I Ŝ − NI q̂ d S f̄
e
I =

∫
S

B̄
T
I

�̄D + NI q̄s d S . (70)

The tangential stiffness matrix is divided into a mechanical, a mixed and an electrical sub-
matrix which are defined as

K̂T IK =

∫
S

(
B̂

T

I �̂ B̂K + ĜIK + P̂ IK

)
d S (71)

ˆ̄KT IK =

∫
S

B̂
T

I
ˆ̄
� B̄K d S K̄T IK =

∫
S

B̄
T
I �̄ B̄K d S (72)
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In the mechanical part K̂T IK the additional stiffness components ĜIK and P̂ IK arise due
to linearization of the internal and external virtual work. The so called geometrical stiffness
matrix describes the correlation between the stress resultants Ŝ and the quantities x′

0, am

and a′
m. It is defined as

ĜIK =

⎡⎣Guu
IK Guw

IK 0

Gwu
IK Gww

IK 0

0 0 0

⎤⎦
[9×9]

(73)

with the following submatrices

Guu
IK = N ′

I N ′
K 13×3 N1

Guw
IK = N ′

I NK Ŵ
T

q K + N ′
I N ′

K Ŵ
T

m K + N ′
I NK Ŵ

′T
m K

Gwu
IK = NI N ′

K Ŵ q I + N ′
I N ′

K Ŵ m I + NI N ′
K Ŵ

′
m I

Gww
IK = N ′

I NK M 23
IK + NI N ′

K M 32
IK + NI NK M ′

IK + (NI M q I + N ′
I Mm I) δIK .

(74)
The expressions in Eq. (74) are given as

Ŵ
T

q I = W 2 I Q2 + W 3 I Q3 , M 23
IK = W 2 I W T

3 K M1

Ŵ
T

m I = W 3 I M2 + W 2 I M3 , M 32
IK = W 3 I W T

2 K M1

Ŵ
′T
m I = W ′

3 I M2 + W ′
2 I M3 , M ′

IK = (W ′
2 I W T

3 K + W 3 I W ′T
2 K) M1

(75)

and
M q I = M 2 I(x

′
0) Q2 + M 3 I(x

′
0) Q3 + M 3 I(a

′
2) M1

Mm I = M 2 I(a3) M1 + M 3 I(x
′
0) M2 + M 2 I(x

′
0) M3 ,

(76)

using the abbreviations W i I = skew(ai I)
T ,W ′

i I = skew(a′
i I)

T and M i I(h) =

M (ai I ,h). Since the matrix P̂ IK affects only the mechanical part of the beam formulation
and is not relevant for the subsequent numerical examples, we refer to Gruttmann et al. [21]
for a detailed discussion.

7 NUMERICAL EXAMPLES

The developed finite element formulation is implemented in an enhanced version of the
general-purpose finite element program FEAP documented in Ref. [55]. In the first example,
we discuss the nonlinear material model and demonstrate its applicability to ferroelectric
hysteresis phenomena. The extended beam formulation is analyzed in the following two ex-
amples. Here, a special emphasis is on the influence of the introduced warping functions.
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Figure 4: Configuration and loading of the piezoelectric specimen.

This is followed by an example for a piezoelectric buckling problem that may be utilized
for switching devices. In the last example, we demonstrate the capability of the presented
formulation on a typical three-dimensional piezoelectric structure.

For a better visualization of the numerical results the beam model is displayed as a three
dimensional structure which is generated in a post processing operation using the data of the
beam element and the corresponding cross section definition.

7.1 Ferroelectric Hysteresis

To illustrate the applicability of the Preisach model to ferroelectric hysteresis phenomena,
we use a simple example which has already been discussed by Kamlah [26]. The geometry
of the specimen is given in Fig. 4 with L = 1.0 mm and b = h = 0.5 mm. It consists of a
piezoelectric ceramic material which is completely depolarized in the initial state. Instead of
experimental data, we use the following analytical weighting function in the Preisach model.

μ(α, β) = c e[−fα (α+β−yα−yβ)2−fβ (β−α+yα−yβ)2] . (77)

This function is based on the one proposed by Barker [5]. The parameters in Eq. (77) are
given as follows: c = 25, fα = fβ = 12.5, yα = −yβ = 0.5. According to [26], we specify
the coercive field strength �Ec = 1 ·106 V/m, the saturation polarization �P sat = 0.300 C/m2

and the irreversible strain Esat = 0.002. The linear parameters for the completely polarized
material are listed in Appendix A.1. The specimen is loaded with a quasi static electric field
in ξ3-direction as shown in Fig. 4. Thus, the vector eP is determined as eP = [0, 0, 1]T .
Since the analyzed problem is very simple, it is sufficient to use one beam element for the
discretization in ξ1-direction an one element to model the cross section.

The results from the finite element computation are given in Fig. 5. The high electrical load-
ing causes the typical ferroelectric hysteresis effects. The dielectric hysteresis as well as the
butterfly hysteresis show a good agreement compared to the results of Kamlah [26]. The
deviations can be explained by the usage of different functions to determine the irreversible

22



-0.400

-0.300

-0.200

-0.100

0.000

0.100

0.200

0.300

0.400

-2000 -1000  0  1000  2000

present        
Kamlah [85]

electric field �E3 [V/mm]

� P
3
[C

/m
2
]

-0.001

 0

 0.001

 0.002

 0.003

-2000 -1000  0  1000  2000

present E33          
present E11          

Kamlah [90] E33

electric field �E3 [V/mm]

st
ra

in
s
[-

]

Figure 5: Resulting dielectric and butterfly hysteresis.

field quantities. The butterfly hysteresis in Fig. 5 corresponds to the resulting strain com-
ponents E11 and E33. It is noted that only the strain E11 follows directly from the beam
formulation. In order to compare the results with the data from literature, the strain E33 is
computed under consideration of the nonlinear material law given in Equation (7)1.

An important criterion for the quality of a nonlinear material model is its convergence to
the state of equilibrium. Therefore, the convergence of the residual norm is analyzed for
two defined load steps. In case one, we consider an increasing electric field from 600 to
640 V/mm which corresponds to the load step number 230 in Fig. 4. At this load level,
the nonlinear hysteresis effects are just at the beginning. In the second case, we analyze the
load step number 124 from −960 to −1000 V/mm. Here, the gradient of the irreversible
polarization between two load increments is maximal. The residual norm is summarized for
each iteration step in Tab. 1. The presented nonlinear material model shows an excellent
convergence for both cases. This is an essential feature in order to analyze larger problems
in an efficient manner which will be shown in the later examples.
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Figure 6: Shear actuator with geometrical data.

7.2 Shear actuator

In this example the shear actuator configuration proposed by Sun & Zhang [53] is discussed.
Several publications can be found, in which this actuator is analyzed analytically [1, 61],
numerically [8, 9] or experimentally in a modified configuration [4].

The actuator complies with a clamped beam that is made of three layers. The geometry of the
system is given in Fig. 6. Both outer layer consist of aluminum with an elastic modulus of
70.3 GPa and Poisson’s ratio of 0.345. The middle layer is made of PZT-5H piezoelectric
ceramic which is polarized in ξ1-direction. The material data are given in appendix A.2.
The piezoelectric layer is loaded with an electric potential of 20 V in ξ3-direction. For the
numerical computation the structure is discretisized with 20 beam elements. All mechanical
and the electrical degree of freedom c1 are fixed at the clamping at ξ1 =0. The given electric
potential corresponds to an electric field �E3 of 1·104 V/m. Within the beam formulation, this
loading is realized by a prescribed electric degree of freedom c3 with a value of −1·104 V/m

on all nodes.

The discretization of the cross section is illustrated in Fig. 7. For each layer 12 × 6 ele-
ments are used. Since the electric field is applied perpendicular to the poling direction of
the PZT-5H layer, the piezoelectrically induced shear deformation has to be considered in an
appropriate manner. For this, the unit warping of the cross section due to a shear deforma-
tion of the piezoelectric layer is computed. The corresponding warping function is shown in

Iteration Case 1: load step number 230 Case 2: load step number 124
�E3 from 600 to 640 [V/mm] �E3 from -960 to -1000 [V/mm]

1 4.8 · 100 2.7 · 101

2 8.5 · 101 2.2 · 102

3 5.4 · 10−3 3.7 · 10−2

4 3.2 · 10−11 1.2 · 10−9

Table 1: Residual norm for each iteration step for both load steps.
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Figure 9: a) Deformed beam structure. b) Contour plot of the displacement u1. Scaling
factor 1 · 105

Fig. 8. The deformed beam configuration and the displacements u1 are illustrated in Fig. 9.
The deflection u3 which is linear in ξ1-direction is typical for this kind of actuators.

The displacements u3 are now compared with the numerical results according to Benjeddou
et al. [8] and the analytical solution of Zhang & Sun [61]. All results agree very well, as
shown in Fig. 10. The references [8] and [61] use a modeling technique with three coupled
beam layers. The layerwise modeling can be avoided in the presented beam model since the
extended description of the cross section including warping is considered in the formulation.
The importance of this concept becomes clear, if the warping functions are neglected in the
numerical computation. In this case, the resulting displacements u3 are underestimated by
approximately the factor 1.5, see Fig. 10. Finally, the displacements are compared with the
results of a finite element computation using an eight node brick element, see Linnemann &
Klinkel [32]. For this, each layer of the shear actuator is discretisized with 20× 6× 12 brick
elements. Again, the displacements do agree very well as can be seen in Fig. 10.
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Figure 10: Displacement u3 of the beam axis.
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Figure 11: Configuration of the torsional actuator.

7.3 Torsional actuator

In this example the shear deformation effect is used to achieve a torsional deformation of
the clamped beam configuration shown in Fig. 11 with L = 100 mm, b = 2 mm and
h1 = h2 = 5 mm. It is made of two piezoelectric PZT-5H layer which are poled both in
ξ1-direction but with opposite sign. The material parameters of the upper layer are are given
in Appendix A.2. The beam surface at ξ2 = −b/2 is loaded with an electric potential of
1000 V . This corresponds to an electric field �E2 of −5 · 105 V/m. Since the loading is
perpendicular to the poling direction, a shear deformation will be induced in −ξ2-direction
for the upper layer and in ξ2-direction for the lower layer. This opposite shear deformation
will cause a torsional deformation of the beam structure since the geometric compatibility
at ξ3 = 0 must be fulfilled. For the numerical analysis, the structure is discretisized with 20
beam elements. The loading is realized with a prescribed degree of freedom c2 = 5 · 105 for
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all nodes.

To account for the warping effects, the cross section is discretisized with 10×10 elements for
each layer as depicted in Fig. 12. Furthermore, this Figure illustrates the warping functions
¯̄ω1 and ¯̄ω2 which correspond to a unit torque of the beam axis and a unit shear deformation
due to the prescribed loading, respectively. It is obvious that the shear induced warping
function is very similar to the well known warping function due to torsion. In a more detailed
examination one significant difference arises. In contrast to the torsional induced warping
function, the shear induced warping function is nearly constant in ξ3-direction in the upper
und lower areas of the cross section. Nearby the layer boundary this constant distribution
cannot be preserved due to the geometrical compatibility constraint at ξ3 = 0.

The deformed structure of the numerical computation is shown in Fig. 13. The twisted beam
axis and the warping of the cross section can be seen clearly. Since this example is not dis-
cussed in other publications so far, the results have to be verified with an other numerical
model. For this reason, we use the results of a finite element computation with piezoelectric
brick elements according to Linnemann & Klinkel [32] and compare the displacement com-
ponents of point A which is defined in Fig. 13. To determine the displacement components
u1, u2 and u3, it is necessary to consider the torsion ϕ1 and the warping α1 ¯̄ω1(ξ

A
2 , ξA

3 ) and
α2 ¯̄ω2(ξ

A
3 , ξA

3 ). The values are given as ϕ1 = 4.3689 × 10−3 rad, α1 = 4.2117 × 10−2,
α2 = −3.6956 × 10−4. To provide a comparable discretization, the beam structure is di-
vided into 20 brick elements in ξ1-direction and in 10 elements in ξ2- and ξ3-direction for
each layer. The results of both numerical computations are summarized in Tab. 2 and show
a very good agreement. This example illustrates the high efficiency of the presented beam
formulation. The displacements are comparable to the ones obtained from the brick element

ξ2

ξ3

discretization warping function ¯̄ω1 warping function ¯̄ω2

–

+

+

–

–

+

+

–

Figure 12: Discretization of the cross section with 10 × 10 elements for each layer and
qualitative illustration of the warping functions ¯̄ω1 and ¯̄ω2. The algebraic signs correspond
to the out of plane direction of the warping function.
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Figure 13: Deformed beam structure and detail view. The displacements u2 und u3 are scaled
by the factor 50 the displacement u1 by the factor 2000.

formulation, but with much less numerical effort.

displacement present formulation brick elements [32] deviation of present
[mm] [mm] formulation in [%]

u1 −2.029 × 10−7 −2.022 × 10−7 0.35

u2 −2.184 × 10−5 −2.180 × 10−5 0.18

u3 4.369 × 10−6 4.281 × 10−6 2.06

Table 2: Comparison of the displacement components of point A located at (100,1,5).

7.4 Piezoelectric switch

This example analyzes the applicability of piezoelectric switching devices. Since the result-
ing deformations are small, these components are commonly used in microelectromechanical
systems (MEMS), see e.g. [18, 48, 51]. Here, we use the buckling of a slender beam struc-
ture to model a piezoelectric switch. The displacement perpendicular to the beam axis is
used to realize the on- and off-state of the device. The configuration of this switch is illus-
trated in Fig. 14. It consists of a silicon layer with an additional PZT-4 layer and a platinum
electrode. An electric voltage is applied in ξ3-direction that causes a positive straining of the
PZT-4 material in ξ1-direction. Since the corresponding elongation is constrained due to the
boundary conditions, the prescribed loading will cause a compression stress in the piezoelec-
tric material. The layered composition of the beam structure provides a small eccentricity
and imposes a bending moment M2 about the ξ2-axis due to the loading.

The length of the analyzed structure varies between 500 and 700 μm, the total height is 2.05
μm. The width and the height of each layer are given in Tab. 3. Consequently, the dimensions
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Figure 14: Configuration of the analyzed piezoelectric switch.

correspond with typical sizes reported in literature, see e.g. [16, 44]. The coordinates of the
neutral axis S(s2, s3) are computed under consideration of the different elastic moduli of
the materials. It is located at s3 = 1.01 μm with reference to the bottom line of the silicon
layer, see Fig. 14. The piezoelectric layer is loaded with an electric voltage in ξ3-direction
with an increasing value between 0 − 2 V . Within the beam formulation the corresponding
loading is realized with a prescribed degree of freedom c3 for all nodes which is increased
from 0 to 1.33 · 106 V/m. The beam is discretisized with 26 elements. The resulting load-
deflection-curve is given in Fig. 15 for different beam lengths. The nonlinear behavior of the
structure can be seen clearly. Due to the eccentricity of the piezoelectric layer, a continuous
transition to the post critical state can be found. If the loading reaches the critical value, a
small load increment is sufficient to receive a relatively high displacement. This effect might
be of interest for technical applications. Fig. 16 illustrates one half of the symmetric switch
in the initial and in the deformed state.

layer elastic modulus Poisson’s ratio discretization
[GPa] [-] b × h

Platinum, Pt 250 0.25 8 × 4

PZT-4 see Appendix A.3 8 × 10

Silicon, Si 162 0.23 10 × 8

Table 3: Material data and discretization of each layer.
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Figure 15: Load-deflection-diagram for different beam lengths L.

The discretization of the cross section with finite elements allows a detailed analysis of the
stress distribution within the different materials. For instance, this can be used to analyze the
compression stresses in the piezoelectric layer to avoid a ferroelastic depolarization. For this
purpose we refer to a former publication [11] that treats the stress distribution in a switching
device of the length 650 μm. These results show that the compression stresses are by ap-
proximately the factor of five smaller than the critical value of the coercive stress. Thus, no
depolarization effects are expected within the device.

u_3 [μm]
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0.1
0.0

symmetric plane

clamped end

Figure 16: Plot of one half of the switch with L = 650 μm in the initial state and in the
loaded state with U = 1.2 V , deflections scaled by factor 20.

7.5 Helical spring

A major drawback of piezoelectric actuators are the small displacements that can be
achieved. For this reason, different concepts were developed to increase the maximum dis-
placement amplitude, as described for instance by Niezrecki et al. [38]. Pearce et al. [41]
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propose a spiral shaped, piezoelectric actuator, which is shown in Fig. 17. This type of actu-
ator allows to apply a displacement in longitudinal direction as well as a rotation about the
longitudinal axis. Therefore, its cross section is divided in radial direction into two piezo-
electric layer which are similarly poled. The electric field is applied in opposite direction on
each layer and leads to converse strains in both materials. Consequently, the basic functional
principle is equal to the classical bimorph actuator, see e.g. Poizat & Benjeddou [42].

The discussed actuator was already analytically and experimentally analyzed by Pearce
et al. [41]. The configuration of the considered specimen is given in Fig. 17. Both piezoelec-
tric layer are made of PZT-5H material which is polarized in local ξ2-direction, the specific
material parameter are given in Appendix A.4.

An important difference to the former examples is the fact that here two piezoelectric layers
with different loading conditions are considered. Thus, the five degrees of freedom c1 to
c5 of the numerical model are not sufficient to model this load case. This limitation can be
by-passed using the eccentric formulation of the beam element. Therefore, the helical spring
is discretisized with two beam elements in ξ2-direction, one for each piezoelectric layer. The
nodes of both beam elements must have the same spatial coordinates, which can be easily
provided by the eccentric formulation, as illustrated in Fig. 18. Thus, it is possible to apply
different loading conditions for each layer. To ensure the same kinematic of the adjacent
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Figure 18: Consideration of two electric load cases within one cross section with coupled
beam elements.

beam elements, the mechanical degrees of freedom are linked together within the numerical
model. This leads to a numerical model with one set of mechanic degrees of freedom and
two sets of electric degrees of freedom, one for each material. The main disadvantage of this
procedure is that the cross section warping effects can not be considered. Since these effects
are negligible in this example, the proposed approach is appropriate for the numerical model
of this problem.

Each layer of the helical spring is discretisized with 135 elements for the numerical compu-
tation, see Fig. 19. From a preliminary analysis follows that this discretization is sufficient
for the discussed problem [11]. To compare the numerical results with the analytical and the
experimental data from literature, we consider the angle of rotation of the free end ϕE

3 as
defined in Fig. 19 for different values of �E2.

The results of the linear finite element analysis coincide very well with the analytical solu-
tion. The small differences originate from different approximations of the electric potential
within the cross section. While the analytical solution considers only a linear distribution of
φ, the finite element model incorporates a quadratic one.

�Ec �P sat Esat c fα fβ yα yβ

[V/m] [C/m2] [-] [-] [-] [-] [-] [-]

0.65 · 106 0.330 0.00125 16.0756 8.0 8.0 0.50 -0.50

Table 4: Nonlinear material parameter for PZT-5H. The values for �Ec and �P sat are taken
from [10].
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Figure 20: Comparison of the numerical results with approximated experimental data under
consideration of a linear constitutive law.

As expected, the relation between ϕE
3 and �E2 is linear, as depicted in Fig. 20. However, there

is obviously a great discrepancy to the data obtained by experimental measurements. These
data can be approximated with a quadratic function as proposed by Pearce et al. [40]. A
similar nonlinear behavior is reported by Mohammadi et [35] who attributes this observations
to ferroelectric hysteresis effects.

To improve the numerical results, another finite element analysis is realized considering the
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Figure 21: Comparison of the numerical results with approximated experimental data under
consideration of the nonlinear Preisach model.

Preisach model to account for the nonlinear constitutive law. The additional material pa-
rameter are given in Tab. 4. In this case, the results show a relatively good agreement to
the experimental data, see Fig. 21. The differences can be explained by the fact, that the
used Preisach function does not correspond exactly to the hysteresis behavior of the PZT-5H
material. A much better accordance is expected, if an experimentally determined Preisach
function would be used in the numerical model.
This example illustrates again the applicability of the beam formulation which can also han-
dle three dimensional problems in combination with nonlinear piezoelectric material effects.

8 CONCLUSIONS

In this paper a beam element is developed to analyze piezoelectric structures considering
geometrical and material nonlinearities. The geometrically nonlinear beam kinematics are
based on the Timoshenko beam assumptions, which are extended with three warping func-
tions. Thus the formulation accounts for cross-section warping due to torsion and elec-
tric induced shear deformations. The material nonlinear behavior, which considers domain
switching effects, is described by the Preisach model. A consistent finite element implemen-
tation is presented. The numerical example shows the applicability of the proposed element
to nonlinear piezoelectric problems. The last example demonstrates that the presented beam
formulation is able to simulate hystresis effects which are observed in a modern actuator
device.
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A Material data

The data are given in the following dimensions: � in [GPa], � in [C/m2] and ε in [C2/Nm2].

A.1 Example 7.1

Piezoelectric material [26], polarized in ξ3-direction
�11 = �22 = �33 = 128.4, �12 = �21 = �13 = �31 = �23 = �32 = 69.1,

�44 = �55 = �66 = 29.6, �13 = �23 = −3.46, �33 = 25.58, �52 = �61 = 15.41,

ε11 = ε22 = ε33 = 1.50 · 10−8

A.2 Example 7.2 and 7.3

Material: PZT-5H [8], polarized in ξ1-direction
�11 = �22 = �33 = 126.0, �12 = �21 = �13 = �31 = 84.1,

�23 = �32 = 79.5 , �44 = �55 = 23.0 , �66 = 23.3

�11 = 23.3, �21 = �31 = −6.5, �42 = �63 = 17.0, ε11 = 1.30 · 10−8, ε22 = ε33 =

1.503 · 10−8

A.3 Example 7.4

Material: PZT-4, polarized in ξ3-direction
�11 = �22 = 138.5 �33 = 114.7, �12 = �21 = 77.4

�13 = �31 = �23 = �32 = 73.6, �44 = 30.6 , �55 = �66 = 25.6

�13 = �23 = −5.2, �33 = 15.1, �52 = �61 = 12.7, ε11 = ε22 = 1.31 · 10−8,
ε33 = 1.15 · 10−8

A.4 Example 7.5

Material: PZT-5H [10], polarized in −ξ2-direction
�11 = �22 = 126.0, �33 = 117.0 �12 = �21 = 79.5

�13 = �31 = �23 = �32 = 84.1, �44 = 23.5 , �55 = �66 = 23.0

�12 = �22 = 6.55, �32 = −23.3, ε11 = ε22 = 2.77 · 10−8, ε33 = 3.01 · 10−8
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